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.~4 ~. ~~ ~1~~~ .~.),l ~~~ 0 1j1 o~~1 4 1)~~l5'} , O~~ '4--'bt.o

rnrneq [;1E]kteq<On= -- L Oln= --
un·· J

.~~)} lS,Lo J~~~ ~~.lSj}141)~,1~ ~l:.; <sj}1 ~4 J~Lu,~ 0~),1 ~~"-! lS1)'!

P.E =P.E eq => k eq

.(~t <s'L.wo Ub? 0~~ ) lSjt~ <sUb? .~t

F=F1+F2 =k1x+k2x=keq x

1 1 1
-=-+-
k eq k1 k 2
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(?~) f Fd =cx

JF
~~

c,

1 1 1
-=-+-
Ceq cl c2

"~~ )} <.s,~ ,J~~~ )~ o~ wit <.Sj}\ 4\) 4,\~)~ o~ ~ <.Sj}\ ~"4 J~Lr..o LS!.t~ ~~ lS\~

D.E=D.E eq

E 1 " 2
D. ·eq =2C eq X

l.\L I =!m12
.. c 3

1 e"2 1 "2 1I ,:.,2K.E.=-Ic +-mox +- or
222

1 "
KE eq =- Ieq eeq

2

eeq =8

x=18--;x=18

X Ie . Ie
ry=x --;y=-=--7y=-

r r r

1 2
Io=-mor

2
k

m , Q, I
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~ 1~' 0·· .t... 0l) Lg· JIio
... .. v )~)~~ Lr-' .r.

10M=-m
3

Jo=!MR2=~(~m)R 2=~ffiR 2
223 3

1 [ J 0 M ] . 2 1r f mR 2 l~ m1. 2K.E.=2" m+ 4R 2 +4 x =2" m+ 4R 2 +-4- x

K. E. = ~ [ m + l~ m + ~ ill ] X2

K E 1 ·2
. ·eq =2"ffi eq X

559m =m+-m+-m=-m
eq 12 6 4

P.E.=~k(;)2

1 2
P.E· eq =2"keq X

k
k eq =4

www.kolbedanesh.com

www.kolbedanesh.com


~. ~ .c~cs" u)~ ~~ ,~~ ~~. S);l ~~ ,~ <5't~ U01,.> ~~ c:\.: uL:,L,u) ,~ljl ~Lu) )~

? ~ ~ r~ ~ ) 45 ~1 ~Lu) ~ 0-!.;;o~~ ~ 0:'.1 .~.~ )Q.; )~ I) y!.j o~~ 0~~ LS~ljl ~)~

<.S,~ ~?)~ J-::5 S~~ ~ ~1 o~ o~ ~~ ~Ijl ~l» 8 st o)..l.il ~? ,~~l J~L,u ~l»~ .~l o~~

.~I ~I~ r~ 0j,

P
6

TIt,,it ii

.~~ ~I,.> x.j u)~ ~ rr:- C-Sr "-.J~Lt..o ~ ltb) ~ o~l~ 0lS:..o~ x 0 )..l.i1 c:\.: ~~I J~Lu j11) rr- ../1

mx =I,F =mg-k(x +bst )

mx =mg-kx-mg=-kx

mx-i-kx e O

r)X+~x=O

~)..l.il:-.,l

w

ron=~
"-.J~~ ;.)j ,.x( t )=cest

~~ ua) x( t ) ~. 0 Loj ~;-! rr:- 0lS:..o~ ~l; 0~;,1 ~~~ ~ cSy> "-.J~~ J> s1~

.~is" LS)~.l·~·~.r"

.c I~'o~·· ~ 4\J~~ L «-« c:U~~ ..~ c:U~Lr.-a
) I ~ ..~ L9r

.~~~LSltb~lS) ~ o~.~ x.~l.io~ c:U~L....o tSl.lb~)

SI2=± Fk =±i fk, \j~ \j~

SI,2 =±iron

X(t) = Al cos ron t + A 2 sin ron t

x(t=O)=xo ~Al =xo

*.(t=O) =*,O -7A2 = *'0
ron

*0 .X(t )=xo cos ron t +-Sln ron t
ronwww.kolbedanesh.com
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k g
kOst=mg~-=-

mOst

~.. , J..i>.. ., - l, ·lS ~g ,~ J-1.- ... 4cm I - ,. ., L..~ ~~ t~ ~ I A - , -, •••• ~ • Jli.o
.~) ...~ LJ-!.~~ r: .~) ,.-~ ~ 0"!. t...s- IV-;;-- cs" Jr.r- J~ c..S'J ))'-' r) ...

.~.)~ ~'fr ~ ~t) ~>lb' ~ ~ ~~ ~~

.~t..sO o~~1 ~~t L.>~ di~~ ron J}'O} j' 'J~' j'

ron=~o.~

but . .. ~ ~1·1 u~~ t ~t 1.-·· - ·1 d..J m ~'i~ It> ..~~ ~ : Jli.of. ~r~)) ), ~u· rr-c..S TlS}J ..

.~ yL.> 'J~~lS) .~.),1 ~~~ ,)~~.1 ~ rSb- ~'A.~ ~~Lt..o .~~~

3E1t(d6 -d;)
k= 3EI . I=~( do

4 -d~) :=>k
13 '64 1 6413

mx-i-kx e O

~ ~
3E1t(d40 -d4

t
O )

•• ? k 3EI
x+ro- x=O --7(0 = -= -=A.J-----

n n m ml' 64me
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~), ~.~ ~ s.:::,s <.S1~.,lj 0~~ ~. oS~ uC} .~I o~ ~).i-!.,11 J,Jo ~ L51~ ~,:; t6 ~.~ .P )~ I)~.~

:~.1~ ~~~ )"!.j~.; ~ ~.~~? d..I~~ , ~.~ uliL,.;~ u--ilS') .~~;f~ llb) , o~

EMt=I0 8

-K, 8=IOe
K _GJ

t - 1

1td4

J=-
32

31td{ G

2
64m21112

o

e+~=o
10

e+ro~8=O

Ol = f&
n ~I;;

6(t)=9 0 COSOln t+~sin Oln t
(On

'. .... I L·· - L, I l.&b
.~)~ ~.yAJ~ .) O~.

TI

:~~;fcs" ~~ )"!.ju)~ ~ J,~4.~ u--ilS)

.~l J,~4. J,Jo 1

Mo=Ioa

-mglsin 8=ml2 (+8)
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.c~~ u)~ 0' J~ 01).9~ cS LSl~

-mlg~Sina+mglSina=(~ml12 +m12)8
.~~~ ojW,1~ ),.;..0 ~~ ~ ~ J.9~4, ~ ~~ ~.9'-" ~. ~,

8 .
~..r'

+mglsin 8=ml 2 (+8)

.. g .
8--s1n8=O

1

(0=
n e .

~..r'

Mo=lo<l

-mgdsin 8=108

.. mgd
0~ :::>8+-

1-8=0o

~L ~." ~ Jb -,- 'l)~~~L ts . 1 1 .'(' ·L.,~S J-'-~o~L., I ~L LI "~ ~1'. .~. ~.9 .r:~~ .r: .,.) 0-!. LS~'~ LS) .,. ,..., . t.5.9.~ . ) (".97~ ,v-;;--,.=>~

~=mgd=>S=~
S 10 md

.(~1 olf~.9' ~ 0) .~1 0 ~ jl~~ (Center of percussion) ~rO jS.r" ~lS S
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!ml2
13 2

S =--!L=--=-l
md ml 3

2

h
·G

.J •

.G

~~~~ olf~ ~ ~)~ ~llS~~ l; +.' ~)~ ~ lJ F : Jli-o

.~~ ~)~ o..:~ jS;A )~ ~.4 F

2:M =Ia

1 2
F.h=-mL a

3

(~a)h=(~ml2} ~ h=~l

klS'lIi8 k.lSn16
.~l )~.4.L; ..;..,)~ ~)~ ~ ~l ~~,.; ~~.1 u)~ ~)~ : Jli.o

.~.,.;~ I)~~I~.~ d..1~~ J~I r~)~ :J>

LMo=10 9~- 2klsin O(lCOSO)+mg( ~Sin 0)=109

I _1 ml 2
0-3
1 2·· 2 1
-ml 8+2kl sin8cos8-mg-sin8=O
3 2

sin8::::8 ,0 0~~ s..::;,s ~} 4

,J~~ cG.J:,y mx t-cx-t tx-i-De-O .J,)Li~~' ~ ~ 4.L)1Lo ~J ~,~ <La.A fit ~ ~'~.J \.:.t'·)J~JlLo ,).J:~

·J.J:,4~ ,),~\;~~ ~,),y-00:'~->J J ~, ,),~\;~ ,.i.W:.4~~~

12kl-3mg
(0 = t----

n 2m!

12kl-3mg > 0 => 12kl>3mg
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k g
->
m 41

3mg-12kl
a

2ml
.. at -a.t
e-ae=o~ 8( t )=C 1e +C 2 e

e(t)= 2~[(nso +eO )eat +(nSo -eo)e-at]

.~ I~ "'I~I Ww d..J .L,' L·LJ 'd5~I' 1 I o~b-L ~.~~ r ~I '..lJL\,j~·· ·1is" ..... ~. .r: (.5!. )~. u ) . u ~ 0!. cr:" . err: .r: tS.9 )..... \V--~ d.

(1)

-mgLe - Kb 2e =mIJe
(I)

k\,O

.~I )~.4 ~.9 ~W') c.,Sy> III ~~)k.~ ~I.rO~~~~ mX+cx+tx+D=O ~ ~ I) ".L.~~~.9

mL2 e+(mgL+ kb 2 )S=O

(jl mgL+kb
2

n mL2

Mo=Iou

mgL-kb2 ~= mL2 ~

.. kb 2

mL2~-kb2 ~=mgL~(O~ =--
roL2

kb8

mgl.O - kb 2e= roL2S

m1 2e+( kb 2-mgl)S=0

2
2 kb -mgL

(On 2
mL

kb 2 > mgl t~L..b"·15) ..... r
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'~J,l ~~~ '-.5;}1 LS~ 0,;19;1 o~~' 40'';~') c..S.r ~'~.~ d.1~Lu,,~' ~G JS' LS;}'~"~~ ~. J~
3

( mg, ~ ,kr2 ,kr
2

,kr r) ~ <slA.,r--',~~,~ ? 1S'r--' Ji.o )(VX F=O) .,;;i,.;-S <slA.~ <s1.;:
r

.~)~~~ ~ ~.1}~. J~ ~)lS'~.~' ~~ ~~.)~~ JlS 4S~I~.t VxF=O ;I),Ja.;...o

IIT1 + U 1 =T2 + U 2 => T+U=constant II

~(U+T)=O
dt

~0-!.t 0'~ c..P,)~.t J~ '~'J~ JlS"~ ~~ ~~).-'b~.r '-.5
'
)b ~ '-.5~'jl ~)~ ylb 4 ,,;;'.9.;-S '-.5lA>~ '-.5'~ ~.9) LJ:'.1

'~.).91 ~~~ I)~~~lS) ~,,;~ ~.~ ,)~y> u'j~~

kS=mg

Tmax =u max

T=!mi2

2

U=[~k(X+O)2 -~k02 ]+[-mgx-O]

U =~kx2 +~kS2 +kSx-.!..kS2 -mgx=~kx2
2 2 2 2

IS;;I J>,)~(T+U)=O=>mxx+kxx=O x:;t:O mx-i-kx e O
dt

2 kro =n m

T=!mx.2=!mX 2ro~ cos2(ron +tI»
2 2

U=!kx2=!kX2 sin2(ron +tI»
2 2

1 2 2
Tmax =-rnX ron

2

1 2
Umax =-kX

2

2 k
Tmax = Umax => ron =

m

x=Xsin( ron t+<p)
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1 2
U=-k(b9) +mgl(1-cos8)

2

1 e2
U=-kb2 82 +rngl-

2 2

~(T+U)=O=>mI 2 aB+kb 2 ee+mglee =0
dt

ml2e + (kb2 +mgl)9=0

ul kb
2+mgl

n mI2

)~ .~~ o~~1 ,~I ~.~~ ~01 S~ljl ~)~ t!S~~. SlA>~ ~~. ~~ sj}1 ~b-.o )~ 01,;LS'" ~) ~~) jl

y.rO~l> u)~~ 1)~~ L>~ ~ ~ ~.W o~)~I~ I) SjyA ~I~ t!S~~ J:>} ~Lu) J~1~}A SI~~ c.P~) ~I

.~~~ p)~ ~Loj ~~ ~)~~}~ ~1

u( x,t)=U( x )F( t)

u(x, t)= U(x)F(t)=(ax2 +bx+c)F(t)

x e O U(x)=O

x=L U(x)=O

L
x =- U(x)=l

2

-4 z 4 dU -8 4
:::>U(x)=-z x +-x -=-x+-

L L 'dx L2 L

rneff =aLp
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1 1L(au(x , t)J2U =- 't dx
2 ax

1 1(-8 4 )2 2 1 2U=-T zx+- F (t)dx=-F (t)( )
2 L L 2 ~

J~~k

u=(x .t )=U(x)F(t)=(ax2+bx+c)F(t)

1 rL 2 1 rL ( 2 )2 . 2 1 ·2T=i.b pu (X, t [dx =iP.b ax +bx+c f(t) dX=i~F (t)
J~~r~

u=! rLE[aU(X,t)]2dx=! EF2(t) rL(du)2dx=!(E(':>~))F2(t)
2 .b ax 2 .b .ax 2~

J~Lt...o rr:-

P
L
E

II

U(JI,t>

u(x, t)=(ax+b)F(t)

:~.!cs"~ ~l; 1)u(x) ./1

{

X =0

x=L
u=O x

u(x)=-
u=1 L

2 [ 3]L .'L 1 x . 2 1· 2 x 1 pL . 2 1 rr:- .2
T= r

1

-p(-) F (t)dx=-pF (t) - =-(-)F (t)=-f-)F (t)
.b 2 L 2 3L2 2 3 2 ~- 3

o

2

U= rL!EA(au(x,t)] dx =.!.EA rL[~F( t)]2dx=!EAF2(t) ~ IL
.b2 ax 2.b L 2 L 0
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1 1L[as(x, t )]2U=-GJ dx
2 ax

~~, ,~_ .. 1- 'l) ~~ : Jlio
~~~ ~~.r

~ ".~ ,~ .... , d..J , :L:.., .r:....,., ..•• ,.. , _ .. 1_ '\S'Lg..~ ~ .. -.--. ~).r .~ ... ~).r )~ujJ~ )~~ .r:

.~ ~ ~~ ,) ~~. <sUbS)}' ~..~, ~'Y!~ ,~ .fb~ <5)}' .~~

")

ffi~ =

1 2
VI =-(2k)x

2

1 2
V 2 =-(2k)x -mg~

2

~~, ,~- .. 1- 0l) ~ : Jlio
~~r ~~.r

. -« ~~,.~ ,~llb,~'" ., .. ".. ~,:l:.J'" .,
o~ cs" .. ) ~---.--. ~ ~).7~.'~ ~ ~ ~, ~ ... <s).7

U =mgr (1-cos e)

. 1 2 1 . 2
-.i'~T1 ="2 m (ee) +"2 Iee

'Y,JT2=!m(£S)2
2

"·o.:>T >)]-, T ~ "'0.:> CtJ < ':}-' CtJLr'T. r Lr'T' r

c c

~u)~ 0:'.')~ .~~ ~.~cc = 2mffin u)~ ~ ,) ~,~ lS!.'~ ~~ .~'};.-o lS!.'~ ~l5'})~ LS!.'~

o~~.!~ ~bt..o)"!.j ~') j' LS!.'~
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--kx-t-cx =m(-x)

mx-t cx-t kx =0

x (t)=Aest ll(t)

.~.l~~~~ X2(t},xl(t) <s~y'~~~jj)~~y'~

.~, ~.'~ J,9 ~b )~~~b ~.' )~ .~, ~l-J~~ ~r" , ~,~ 82,81 : c2 > 4km (~,

-c+~c2-4km -c-,Jc2-4km

----t t
x(t)=A1e 2m + A2e 2m

-c -c
-t -t

x(t) =A1e2m +A2te2m

~,~ (S!.'~ ~~ cc=2~

-c±i~4mk-c2
SI ' 82 = 2m

-c [i,J4mk-C
2 -i~4mk-c2 ]- t t

x(t}=e2rn Ale 2m +A2e 2m

-c
-t

~ ~b)~ :ffiX+cx.+kx=O x(t)=e 2rn [Csin(COdt+<t>}]

.. c. k 0x+-x+-x=
m m

~)~~,~ ~~Lt..o s2+( 2scon )S+COn
2 = 0

~ =5-=> X+ 2~conx + COn 2x = 0
Cc

s=-1;ron± ~1;2ron2- ron2

s=-1;ron( ±~1;2_1+1)

')((i.)
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·~l ~L,u)' ~ ~r' ~.'~ j,g ~l:> \S')b~ :~4 l;>1 .JI

.~I o~~I~ ~,~ ~~,.;~ lX.1.~1 ~1~ \S.ly:-o \S1)1~~ :~4 l; = 1 .Jl

.~I ~~,.; 4. ~Lu) ~r' (.5!.I~.r..j ~l:> \SI.JI~~ :~4s < 1 .JI

·~4 S=a± ib u)~c..:~ ~~L...o \Sl.lb~.) ~ r) d.S~.J~)~

.~I )~.~.~ :~4 a < 0 .Jl-'

.~I )~4.L;~ :~4a > 0 .JI-r

Ix(t)=e-oon t [(Vo +ronXO) t+ x, ] I

x[t )=e-Soon t [Vo+~:nXo sin rodt +x, cos rod t]

x(t)= Vo sin ron t+ Xocos ron t
ill

~cs"~~r ~ 4S~I cS!j~ 0~ .~~ yb .J~ ,~I S...::-.:> s~, \S1.Jl~ cS 1) y!.) \S~ljl d..:?-)~ ~~

:~~ yb )~ ~l.> !j~ )~ 1)~~I rj'1

Fd =J..1mg

x>O:-kx-Fd =mX =:>mX+kx= -Fd

:·'~Iu~~ eU~~ I*I=-x ~1~~~~~~Lx<O ·~I) ). r!j ... '.. ..r. .r

X<0:- kx+Fd=mx =:> mx+kx = Fd

mX+kx=Fd

. Fdx(t)=AslnOOn t-i-Bcos ro., t+-
k

~ 1.61 s;.. !j .. r {

t = 0

t=O
x=O

x=O www.kolbedanesh.com
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($1.>:.' ...::"......{JfJ lJ:!-" u.J~ ~ ~15:.;S 0w uL.....,,:.~ ~15:.;S 'f':!.)1.~ ~fi ~IJ:!-" <l5: ~LA~ .)..l: ~

~,~ t; ~.J~ ,;'iQ x ,;.J J (tmax ) r-=,;J1~ ~Jcl.:' ',; ~.J~ ~,~ uLaj X=0 .:,' ~.J~ ~,~ u.Jfi'~

.~~ U-c-uJ"-! ~.J~

T 21t 1t
t=-=-=-

2 2ron ron

- 2Fd
~ .~I o~ rS 0' 0~~ Lo1~.;1 k ~~~. ~).fb)~' o~yS' 0~~ ~ b~~ Xo ~,10~~ ~.;I)~

~ 01~l.S" I).::.Sr <$~ ~ .9.) yIb).) 0L....y ~I.)~.) .:...)~ ~ ...:.......\ 0"'-"::' rS 4:d o)..l,jl ~ ~b) J.olS ~~.).)

:~~ 0~ j?.j u)~

4J.1N
xm=x m- ! - - -

k

llo

J~ U6 y c;: ~\:i ~ ~fi u:'~ ~.J ~J Jfi~ uL.u~ ~t:; ~ ~ J~~~~ J r-~~ ~J :~

.~~,~ ,.J~ ~~, u1

F
~~I W"' ~ - ~L X =1.5~ -~I: Jli-o.. is" . ) ~ . 0 k r

.~.I~~ ~ ~:J>

~~I 1<. .~ ·1..lJu .... «.X o'L~' ~ 1~ -~1: Jli-o- cs"~~ ... ) .~ 0) . ) \V----. r

.~1 ~ "'1 1 0 llb 1<. . ~1~ n
~)~ ~~
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.J:S~~ ~) (.$.l~ 0~~)' 46.S ~)~ )~ .~;S ~,~ lS~~ s~, 0~'y.9' 4~~~lS} -,

,~L l;,j ~ J..il .. . -:>" I L" C-S 4S" ~ .~1 l;.j ~~ '1~S~1 L" ~ c..S -r.~, fi;- }J<sO ~, .r '-S!.~ .~ .f> <5)~ ) ~'LT ) .~ .. y>

~l.o.,j U)~~~)~.l~ 4~)~ oSd)~)~ .~~~ ~\S ~),.6 ~~ Sl5l:w,1 4~)~ u\.jl.J,.; ~1~-,

.~l

x =x _4f.lN
III m-I k

,) 25kgm
2
~~.10k.o 4~~. ~ ~~ Jyb),~ Jyb ~. jl r-o~ o· yh9, r-o , J,Ja ~ <.S~'}/~ ~L:::, ~ : Jli.o

~ ~~. ./1 .xSis" Jwl ~~ ~ rl:;r )~ I) 400 N. ill ~LJ ~l5l:w,1 )'~ ~l5l:w,1 yo.; ~, .J:Scs"~

:~I y,.Lb ~~ Ub), ~~~ ~)~ 6 ojl~'

~~. ~,:; jl~ Ub~ ~l~ -~I

~~ (.$.~~ ~,-~

:J>

n=tOfl)

k =GJ (8XlO
lO)(fi(0.05)4)

49087.5 N.m.:........I·, .:q..........,. K
t L L rad ~.r-~ •.•~ t

=>n
0.10475-( 400 J

49087.5 =5 916
800 .

49087.5

e=0.10472-6X2( 400 J=0.39734°·
49087.5
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,~~~~)~ 5 .~.rS <.S~ojl~' ~'jl u~Lu) ~,; 1)~ .s, ~ 01';~ 01~,~ lAS ~I ~.lAjl ~')

(0 < ~ < 1) .~1 ~L.,~ l5Ub~ <.S1~.hj)j ~.~ ~1.~1 ~1~ ~I~

Xo ( t ) =e -t;oon t[Xsin ( rod t + <p)]

Xl (t)=e-I,;Oln(t+Td ) sin[ rod (t+ Td )+cjl]

Xo ~ro T
~1~ ~lS =-=e~ n d = ~G)~

xl

~=.2= ~
x2 x3 xn+l

0= 21t~

In(1.5) (,
2
- ('
3

X n 0 .
--=e =cons tan t
x' n + l
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74\ - y. JLw~

(~ ) ~-< ··1 I L ~:g - So, _1- .lS" ~g. ~ CY) i$. .r::-o ..r-'~~~ ..~~ T

.~I~ l.r::-o 0'~~ ~l)} j1 ('

.~,~ ,~ 0'~~ ~l)} j' (r

.~I y-!1y-! 1~ 0'~~ ~l)} 4 (l

.~)~ Sts:b:tl ~rO ~~ (f

.~I ~.L.J. ( 0) n) I . ~.. - L 'l) ~ L - I.- . ~l5' ~~s~, L" ~ I C ," :: 1-
J.J. ~u, .~~~ .r: .~V·- .r: .~) ~)~~

74\ - y. Jlw~

2

.~I.!.FO L 1 '-<"' OJ..;..;$·<IA" - F ,ca'-oAJ_·..b.-.~o~A~.·1)l5'.J1~(r2 K . y-! y-!J~.' ~ y-! 0 ~1f-- I ,

.~I ? )~ O~ 0~~ <.Sj}1 4y-!Iy-! j~., OJ..;..;$~ y-! Fo r..S,~..b.-.y o~ ~~, )lS" .)~ (f

I ~F.
c

.~I? ~') y-! o~ ~~I )l5'~j~, OJ..;..;$~ y-! Fo r..S,~..b.-.y o~ r~' )lS" J'~ (f

.~~~ ~~I ~Jl5' j~., OJ..;..;$~.~I V = 0~ ..::.Sr ~r ,~, ~l::.-J' Fo <.s,~ 0"=: :J>

S'J A" ·1~~I O~ o~l~ .cls;~~ ~I L (viscous) S'J A'· ·1 ~~ . ~ O~ • ~g L 1< t •• ~~, L: Jli.o
~ . ~ ~- ---. . yo . ~ ~ U ~ .... ~r .,~. . yo .

0.0528 (f 0.061 (f

.~~~ )} ~)y-! ~)}'O ,) ~ ~ 2t1 )~L.t!.Iy-!~ .e~~ JI} o~~1 ~)}'O ~Ijl uL;:,LuJ' <.Sly-! 5 4S ~I ~, ~

x2 =28

x 3 =14.4

8=ln~=ln(~J
x3 14.4

s
~ = I 0.0528

-V 41t2 +8 2
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Vy - vr Jlw~

.A--..... ....--11 m -.J

T

~~1~ )"!.j u~ j' ~. r'~ (~) ~,~~ ~)~ )~ o~ o~b~ .9~ (..$',~

.~Ic....J·' ""-<~1"" '~('.)~ ~i$".;-::-o .

.~, y)~~,~ i$.l.;-::-o~ (r

.~I y 4 ~1)'"! ~1~ i$.I.;-::-o~ (f

.~I y)~~,~ i$.I.;-::-o~ (f

:~.)~ (.S!.I~~ ~1~ o~~ ~1)~ :J>

fI k
ron =v~ ~)~ 1 keq =2 ..JJI~~)~)~

ron =J~ ~)~ 1 k eq =2k y ~~)~ ).:J

C c =2mcon

WJl ~=~
C

=
C c 2mff

2m
y C C ~~ <~

~=- y WJlCc

~m--.!!L
2

·~4~~r~:J

VA_ Vo. Jlw~

P )~ ~~~ ~~~. .9~~lS} ./1 .~1 o~ o~j ~.yA; ~~Ijl ~)~ ~~ ~. 4o~ o~l~ 0L:..i~

~I ~)~ )~ y!.j ul)~ j' ~ rl~ ,~~ Tn .9 nn r.r:- ~1 ,:;;J./ P )~ 0.9~ .9 t n .9 ron ~.; ~ y:; r.r:- ,:;;J./
~~1~~

co n =.Q.n ' T n = t n (r ro n <.Qn ' T n < t n ( ,

U""""'? ,ron < Dn 1 ~;I~ c..sr:-s~~LS}O>n =Jf; ~I) ~ ,~;I~ c..s~ J~l....L.o ry-:;:- )bf'.r.- ..:.Jl.> )~ ~ 0~
.~, ~)~, ~.:J.9 ~~ ~1?tn > Tn

~~, IJS 1.Ui..a 1(" ....•. • ~ "t-.," ~ .'. : J~r ~ ~~u~t$'" r
9

mg >-kL <'
8

9
mg< -KL «

8
8

mg >-KL (f
9

rl~~(f
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mgl 8- k~le(~1) =m9
244

e(mg1_~kl2)=Ioe
2 16

6

10 9+(~kl2 - mgl)e =0
16 2

~kl2- mgl>O
16 2

9
mg<-kl

8

·~4~~r ~jf'

V, _Vy Jlw~

~~u)~ ~ )~ .~, rS~~ AC , ~, AB~L5~~ ~l:.-.,1 ~l> )~ ,o~ o~l~ 0~ ~Lu;1~ )~

~~,~ ~''> ~~)Ub 0l.J,.;

.~L ~ < ~ 'pI <'
·3m a

.~L ~>~ 'pIO'
·3m a

.~L K >~ 'p1(r'
. m a

.~)'~ ~~)~~.r u)~ ylb)~, ~1 ~Lu)1~~ J,,9~ (f

.~~~ I)~~.r oJ~lJu, I~I

EMO=IOS => mgae-mga-Ka2S+mga=l
o9

10 e+(Ka2 -mga)e =0

K g
Ka-mg> 0 ~.;.- >-

m a
.~L~ ~l .,~ oJ~lJu, ~ oS~' . ,.. ~. ~ :·Lu 1..6 :. ,~ <~ ~ oS _I.- .l..c..lb. . . ...r::';> ) u-!.~ .. u ~ ~ ) .r" .r" . )~ u

·~4~~ , ~.jf'
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~'uL..;JLU J~).. )

S~I~LS~~-r

• ..~ t.:.: ~ . ~l> ~ ~ .. I·· ~ .. I_~
.~.~ cs"~) ;-!.) ,) ~)~ ..~ cr"

,~~~-,

l>d.Jb~ .. _,
(.S!.. .. ..~

ua~ ·~W ~. ~4 ~"").~ u)~ ~ ~I';~ F( t) .~~~ ~.~ F ( t) LS'~~'; ;-!.j~)~ o~ o~,~ 0~~

.(~)~ rL;~~ ~l5") ro ) ~4 Focos rot u)~ ~ , ~",,)Ub ~.~ LS'~ d.S~

F(t)= Fa cos rot

mx + kx = Focos rot

X(t)=Xh (t)+Xp (t)

.~'u-o JU:;'~~ ~b. ,~4 J:"J:'~~~lS:~ 4~~ ~lS:~ ~ ,~4 ro ~ ron .fi':~

X h ( t )= A 1 cos ro n t +A 2 sin ro n t

xh (t}=A J COSJ¥;t+A2SinJ¥;t

xp (t)=X cos rot :~~cs" p )~ xj u )~~ ~}A)Ub y'~ ~. ~~ 6w4. 0~),1~~~ LS'),,?
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- mro2 Xcosrot+kX cos rot=Fo cos rot

:.)}! ..>.All,.> r,.j ":")}""~~ l.S""~ ~4 0-!.I.r.~ j ~~\.S'" X fb )~.4 .::.Jl> t->4 <\..:..Ab
k-mro2

Fo
x p ( t ) 2 cosco t

k-mro

:~,~ ~'''> x(O)= Xo ' x(O)=xo 4~' ~.'~ ~yf p)~ 4

Fa 2 ]cosro n t+ *0 sinront+[ Fa 2 ]cos rot
k-mro ron k-mro

~Il:::IJI
x

~.~ \)L..,..;$)Y!~~ j ..>.Al.)\.S'" ~l) I) ~l::.......1 ~ ~~.) .::.Sr 0L.y ~b~ 8 ~ j 0L.y <\..:..Ab YSI..l> X
st

X Xk
-=-
0st Fo mro2

1--
k 1-[ro:J

X 1
M=-=--

bst 1-r2

.- .« ~lhor .\S~~~ 4..J ~, :.t..,u 1~1 •
~ ~.r... J ~ ) lv-;.--~~

.r «l

x
.., ->0

Sst

F( t)=Focos rot

xp (t)=Xcosrot

r >! L ro>ro., n
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X
:.-<0

°st

X 1 {Xp = -Xcoscot

0xt - r 2 -1' F (t ) = Focos rot

.~)~ jL9~~, ~;~ 180 ~ ~ ~.~ lS,y;" ~~~. ~;~

~ ~.~; )I~-~ ~lS} ~ ~~;Ub Syr-o lS,y;,~. ~~ ~4. ~.t~~ ,x~o ~.)b ~~ r~oo ~,~~~

.~,~

r =1 ~. co =COn ~.ss: (Resonance)

x [t )=AJ cos ron t + A 2 sin ron t+ Po 2 cos rot
k-mco

:~,~ ~''> ~.~ ;~ ~~cs" r~' c9; ';rS ,~~~~~~~~4. ~ .b~.r' rS ~~ 0~

)} IODin J,k ,20in l.S4-? ,~in ..:...oG...o ~ l.S.':>':1~ ~ ~• .b....., ).':>150lb 0j, ~ ..;;.dYo , ..:...9) ~ ~ : Jl;.o

)}F(t)=50cos(62.832t)lb ~jA;~ lS~~ ~~~ :J;S;lS~ ~ .~, ~;:J Jyb ~:J ) ~ ~ ~I ci./

.~ ,~. ';~ul,j~"; o..;..o'~ .o~cs"

.~W ~~ '; etc~ J~Lu,~ ~,~~.t 0~ ~.~ '~':J>

I=~20xO.53 = 0.2083in 4
12

k= 192 EI k 192x30x1Q6 xO.2083 1200 Ib
" 13 ::::> 1003 ill

X Fo 50 =-0.1504
k-mco

2
1200-~X(62.832)2 "

386.4

~ .
-I< .:=. '9~ "(;1"

l"3
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:jl ~lu)~ ~ J~~ ~.f)l) ~: Jllo

ro=O:>n (, ro<ro n ('

mx + ex +kx =Po cos rot

x(t)=Xh (t)+xp(t)

.~~~ ~~ y'~ x p ,~~ yl~ xh ~I) ~l )~

lim xh (t)= 0
t~oo

L,' .~,s~~Sl)~ ~b ~41) xh (t) ,~)~~ ~ xh (t) ~.~~~ ~ 0~j0~.f ~ ~ 0~

.~)'~ ~l,j )~.4 ~. )\$~lA ~b ~4 ,X p ~1.r!~ lim Xp (t)*O
t~oo

.~.)~ ~ ~ ,) X P ( t ) .bi9 s~, 4.s)41uL:,L,u) )~ Ln.1~~

x(t)=Xp(t)

d'} Xp (t )=Xeos(rot +</»

m -1 ceo
, 'P'=tan 2

k-mro

2~ero
tan o

k-mro2

Fo
kX=--;::==========

X kX
---
Fo Fo
k

:..:........1 S (.5!.lr.-o, ~ u-il5")"::"""""; jI ~l; (.5!.WS)y! ~ ...:........\ ~l::....,,1 0LS:..o~ F ~\) ~I )':> 6Sron . ... . .. .... k

ws . e.-u '-<.S. ).r!. ...r" -
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Bode Diagram

~~l.C.A <.St) ~ ~lS"~~~ y! ~.~S)~~ro ul~~ o~~0~ J,l rl.!~.~ .~1 ~l.!~.~ ~~ ~L, ~ rl.!~.~

~~ j1~ tU~1 ~..?Lo c:\.bji;~ L51)~ ~WS)~ ~.~~ ~~.l~ ~ ~~ ~.~l.C.A ~l) ~ .~1 ~.l~ ~

:~1l.S" .::.....,~ ~ r-.j ..:;.,)~~ ~?lA..:r.1 J=o .~)~ )} ( OO~ ==1 J

d(~)(~ J=O ~ oo==ffin ~1-2~2

~==~1-2~2
con

X resonance

.cyS ~1,> ~ ~.~~ ~ ~ ~l~ ~.~ c:\.bji; )~ ~~ ~ ~l~ )1~ .!,

~.I~~ ~~lA.o ~'j1 ~ ~lS"} ~~~~~ ,~ j19J~l o~~0~ , ~)1~ rL; j19 rl.!~~ ~ ~~~ rl.!4.~

:~4 ~ ~l~~ ~.I~ )~ 4S~)~ )~ .~,

.~~ ~1,> 90° <$'~ ~~li.o rLo.; <.Sly! (OO=(On ~.) ~~ 4. ~L;,j) ~l»~ ~.~,~ j1.9 J~'

.~~~ ~~j ~.1~ ~.l)l 4j1.9 J~l ~~4 ~<1 tASd)~ )~
ron
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n
3"'

..)~~ ~)" jL9)~ ~ ~ ~,~).) ~ ~ ~,~~ )1~ tAS .)~c..s'" o~~

:j1 ~Iu)~~ ~.?~ ~ ~ ~~ ~''> ~~ ~;1 ~ \$.ws)~ ~~ u1~ )~~).) lJb~ ~

fm =~1- 2~2 <1

X 1
---

bst 2~

~l> )~ ~ ,~)~.)~ ~ ~ ~~~;1 ~,.) ~?~ ~ dJ ,~~ ~')")~ S~'./1 tAS ~~c..s'" o~~

O<r <_1_ , I", ..: ··a~ ..~~ tAS ~L ~,~ 4:\.:> r ..):. .. .« ,.Jb .<,~ ~b·1 .. ~,~ ,( Ol=ro )~~
~ .J2 lS.H~ '-'r lS.r.:-- ... ... .,..,....,I5".r- I~ ~.r J ~ n ..

1
.,;;,~ ..lA1~ ~.?L. ~ lSI),;;, ),;;,~ , ..:........1~ y.ly. , ..lA';;'15" b 00=0 J';;' <l:...ob ~?Lo ~<.J2 lSly. ...:........1 j';;'L,

.~~~ ~l5" ,~ ~l)} .l'!..)lio~W <.S'~ ,) ~,.)~ 4. ~WS)~ ~ri:' ,~ ~1~ ~t}l-'

.J.Jb~~ ~l5" ,) cl;..o'~ ~ ~.'~ ~')1 J ~l5"}~~)1~ .J'b \.S1~-r

.~, , ~,~~)~ ,( r =0) ~¥,)Ub~ ~li <.S~~ J~' uD'> ~b ).)-r
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o~I4.b>)lo J.!19)~ 0' ~.~})~ ~o ~~ J;>t.o)~ 'f$,I~)~)~ c:\;..ot,~~ ~l)-f

.~ ~ ~ ciL. ~lS' L.>1 u~L,u I ~I~ ,~I,,: l; . 0l.)~ .'. I~I L -0)~ F-- ., .. v- tS) ° • ) ••~~,~ ~ .r~. .r: .

r~oo:::::>M~O

COm =0)0 ~1-2~2

_ 1
) ..:......,k;,,)~ .u~I.s" JlAJl r m )::>~b~ )..lA.o ~j5l. 0 < ~ < J2 s'.r.-r

rm=~1-2~2

.~I ( rod) o~ 1~ ~l;~"; ~lS'.;-9 jI~,s ~ , ( ron) 1~ 0'~~ ~lS' .;-9 ;I;;..s )1~ LJ-!.1 ~

COm =0)0 ~1-2r}

COd=Oln ~1_~2

1

2~

o~' ~ lA>~ ~jl ~~.

•::>}! ~'y..; ~ ~.91 ~ 1..51) ,) !Jb~ ~ > ~ Sl.r.

jlt~~,~

~,lj r = 1 lSl.H ,<1> = 180 jU ~,lj r > 1 tS'~' <1> = 0 j19 ~,1j 0 <r < 1 tljl "-!(~ = 0) S~, 0'~~ tSl~ -,

o~J.!~ j19).) r > 1 tSl~, j19 ~ ~4., ~.rc:; 0< r < 1 t'jl "-! ~)~ "-! o~4~4'=90° jl9

jU ~,1j ~ ~.)li.o~ tlj1 ~ r =1 lS'.H , ..)~ -Llbl,.> 0< <1> < 90
0

O~,~)~ j19 ~,'jO < r < 1 ,~> 0 tS,~-r

.~~ ~'''> 90
0

< <t> < 180 ~ jl9 ~o,lj r>l lSl~ ,4' =90
0

~LS <p ~1~ ~1.rJ' ~ ~4 r >I ;5', ~4~ ~'}' <p f$.1~ ~.1}' 4~4 r<l 'pI ~4 ~>O dS~)~ )~-,

o~~.~
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~.W~ ~ .~~ j~1 cS~.~ S~l)~. .fb tS~.J )a.;)~ <sl~,f~ ~x ~~ <sUb)l~X u)~~ 0';;~ I) o~~,~

.~~~~ <S)~j1.9 rl}t~.~

,~~ ~cmX .9 mro2X ~ kX ~l> ~l)~ :~4 O<r<l .J' ('

.~1 s..:::-;- «J 0~

4kX 0~) .~1 ~LC S~l ~l> ~l)~ ~4r =1 .Jl (r

( . .' 2X.~~~~ -mOOn

,~l ~LC ~~l ~b~.l)~.9 90< <t> < 180 ~4 r > 1 .Jl (,

'~~lS" S)~~ -moo2
X r}.9 ~1 ~~j «J 0~

'" x d..JL L o\f~ ~ l.lb. LS:.o ' .. V~ . ~~ .~). "', ~ .. olf~ t__ c..S ~ to\" ,-~~ .. 1$
~ ~ ....... .. ..}'O) u ~." .. UOr ~~ ..~ .. O"?" ? .. .9.~ .. ~~

·~4 m rr 0lS:.o

.~.,.;~ ~Lu)~ S'~ I) cs.r" 4\J~l....o m ~~ ~ljl r'.J~~ ~) 4
mx =-k(x-y)-c(x-y)

mz +cz +kz =-my=mro2y sin rot

z=Zsin (rot- <p)

moo2y
Z =---.=:=======-

~(k - mro2)2+ (cro)2

tf\ -1 COO
't'=tan ,.,

k-mro~

tf\ -1 2Sr
't'=tan --

l-r 2

c

(~c:J"'~

~ (i,) ::::. '/. S'I,. Wa,.
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y = Yeirot

z= Ze i(<ot-<II) => Ze-iQl = mro
2
y

k - mro2 + iroc

x =Xei(rot-\jf)

x=(Ze-i<ll + Y )eirot =[ k +iroC. )Yeirot

k - mro2 +10le

._- -_.-_. 1-..= ().If

s-:»
I .=. o.~

1=0.\
•

...::....,.,1 "-!.4, IS-L:--"-!L:-- o..;.."l~ "-! ill f.B" IS-~"-!L:-- o..;.."b~ 4 JUi:..;1 ~r"Td=I~1

.~L :. I~I . ·IXI J~I ~ . r :. I'~~I L ,~L ~> -Ii :.9•••<,sO ~. .r: ~ y . ...r:' ~ ~.r·· LS ,
ron

..::....c.} f.B" -:>R ,~~~ y..S I~I ~~ ~4.j ~ ~. -DtdJ¥O J~

.J.JL .~ ' .. d-!L·ts:.o ' .. L d5 xS .
... 0 ~ .....0~. ~

.~ I..!.I = 1 Jl.A;.;1 l..--U •Y ... .r>

.~~~ T d =1 JL;i:.;I~~.~ .r == 0 )~i - ,

~. ,J-:S~ ~ ~.~~~~ JUi,:j1 ~.~ ,(r = 1) ~.~ ~l> )~(s=O) S~10'~ ~~. \.S1y:-r

.~ ~l,.> Td ---7 00

.~I , jl ~,r S ~.~~~ tolj' d..: T d )~r >J2 Y!.~UiA sl~-f

.~~ ~''> Td =1 Jli:.i' ~.~ ,r=J2 )~ ~ ~.~~ ~~~ 151j~-f

tis-::::;.r=J2 :.Td =1

"-.J S'JA" ·1" ...«c..« ~li.o r>J2 , T·~if· ~~ "-.J . -c., .« S··d""·1 ~~ r < fi ' I -~. y:c.;..,o .J~ ~.r---:; ~ ;-!. -- tS ~, d .r-)~;-!. .~ .r--:;~ ~ tS. '\J S J!

'~~<,sO Td ~,r fl.~~
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~Iu)~ JUi::..i1 ~.~~ ~.jS~ ~ .~1 ~jSlA rm < 1 ~\Sy9~)~ 0 < ~ < 1 ~Ijl ~ Td JlA:,j1 ~~-r

:jl

~L9 <5~1) )~ M ~~ .~~ p )~ I) ~lio .r3 , ~.r:-~

..xS~ 01),~ co~r 4m ~1~L; ~~l> )~ ,XS'is"~r

M-m 0l>r:~ r~ ~~~l.::- =x
~I~u 0')'~ t~ =e

ill 0'~L; r~ <5~~ ~~~l.::-=x+esinrot

2

(M - m) X+m~(x + esin rot)=-kx-eX
dt

-kx -eX =(M -m) X+m(X-ero2sinrot)

Mx + ex + kx = mero2 sin rot

,-'
~----------....-.--:..... 1= 5"

t= ~
~n

\ twi

2~r
tan<p=--2

l-r

coo
tan<!>=---

k-Mro2

002 M
me-x-

k M

[l-(:Jr +[2S(: )J

(:J
me
MX

X=lxl
~(k - Mro2f+ (cro)2

x =--;:::===========

MX) 1

me max = 2s~1-S2
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0~~1 jSyA jI ~Jl> ~1~\,j j1 ~~ ).) o~ 0.)1.) 0~ ? , ~~~ LSI~ ~¥,)llb uul.w,; 0.);5 .)~.1 LSI~ : JU-o

0.6cm ~.~ ~I~ L51)~ ~ tAS .)~~ o~~ ual.> ~.r ~. ).) ~.i?: ~r 0.)1.) ~ L .~I o~

~ S~I ~ .~)~ 0.08cm ~lj)~ ~ ~I~ ~~ .)4.j ~ I) 01),.) ~r d.S~~ ..).);5~

~=12 (f

MX =~~X=me_1 =0.6
me 2~ M 2~

MX me
r»1~-=1~-=0.08

me M

~=1 (f

~ ~= 0.066~ 0.07

~=0.07 (r ~=0.05 ('

01.);5 L5Ub~ .~~ )l5' 1750 rpm .);5)5' )'~ )~ 450kg 0j, ~ I~ )~~~ : JU-o

100 mm (e) J:.:.J t~ 1Okg ~ ..~.. e ~ llb~ .~t.., . 1· ~lS.9 ~~ .9 ) S rr:- .~ u~

ci) )lS~ 0~I~~ L5.9) )~~ ~ L51~ d.S s.)I¥' jl ~b- S~I ;51 .~~~

'~).91 ~~.9 ~~S~I L51~ ~=O.15 J.)~ ~.~

.~),1 ~~~ I)~~ JlA;.j1 0~'~~ ~ ~I~G <..Sl~~ j' f 20 ~ d.S ~b- <..S'~ J~~ ? ~G

~~L '~d..>. 1~~ c:lJ cit.., JlA:.,j, ,co • c:L:...ob
.~ ) .: u~ r··· ~.9~

.~.,;~ jSj4 )I ~)l:> rr:- sl~ 1) y~ cJ~~ :J>

ar =ero2 [-Sin rot +Iflcos rot]

ro = 21t(~) = 21t1750 = 138.2 rad
60 60 s

~1~G <..s,~ F =mar

~I~L; s,~F=mero2sinrot

F=lOXO.t(1750X~~r =33.584kN

~ =TRoF=Oo2X(1750x ~~ r = 6.72kN

2 ~1+(2r~)2 co
K=ron·M .9 TR=O.2= =>r=-=2.72

(1- r2t + (2~r)2 ron
rad 2 kN=> ron =97.4- => K=Mron =2042-
s m
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:~. ~~ ~ Ubotf~ )~ Ub~~ ~.4 ~~ ~)'4~~, <s'~

.(~~' ~~4 ) ~~ )} 0')~~ )~ f..S~) r~ ? yo - ,

·~4 ~, )~ 01)~~ )~-r

.~, )}~ ~~~ ~)'4 ,~4 )}~ J,9 1,~ ~~ ylb 'pI

.~, ~.:~, .,. L;,~L ·~ol$d..SJ 1--11 «: ·~I
~ <Sy-::A . ~~ .. ~ ~ r

.~)b ~~~ ~~ ylb~~~ ~ ~~I ~'.J:-ol; ,~4 ~.~ ~ol$~~' ~'p1

.c ,~ ~~ ~':l.:-J' .,. U,~L S·U "~I
) T· ~ ~ c.S j!:A .)~ .r

.~)~ ~~~ ~4~ ~'.J:-ou ,~4~,.b~'p1

:J~f ~li_y

,~.4 ~ o~l~~? ~~ o~~ <S~~ .~~~ ~)~ fl.j L5~1j1 ~)~ ~~ ~ Fosinrot S y>-A <S~~ ~ uD}

:~~.p~ ~~ fl.j ~.; ~ 6S~4~ Ft

.~, ~ ~ o~~ \.S~~ F(t)

Ft =kx ( t ) + ex (t )

lTIX+ ex + kx =Fo sin rot::.:::>

X Fo

~( k_mro2)2 +( cro)2

Ft =kX sin (rot+ <\> ) +«ex eos ( rot+ <\> )

IFtl =~(kX)2 + (croX)2

Ft =X~k2 + (cro)2

F
t

_ ~k2 + (cro)2

Fo - ~(k_mro2)2 + (cro)2

~ ..~(TR) ~JlA:.i' ., Sv" 'd-J~L d..J ~ 1;;···- ..... ..r <Sfl. .~ ~..r::') ..y:>r.J \.S~~ • ..... • 0 ~<.S~~ ~

~L,u) <sjl...NJ'~~. L>~\I~~.1))~~.1 <s'~ .~~~ ~.4. ~ ~) ~.tj ~W-) c..S~~ 6S~~ ~)~ ~)~

.~~o~~1
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·~4 ~,s~ ~ ~ ron ~4 ~ ,~ c:1.;b J~I J')

S-.>-<: . :~k ~L ... ... 1.1.9 .. I" .s» ~m... '-.r- ...~.'~~~.9~ ~~F'

01)~ u ~I ~La ~ S-S~~~~ 0:'.1 .~4

.~~~ ~La ~ ~j jl o~ ~JI.9 l5llb.9~ ~I~~
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[ro:f -1

Z MX (~J

[1-(~ J2J +(2~:J
Z

-=I:::::}Z=.Yo :::::}
Yo
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()st =100X9.8
31

=1.401x10-3m =1.401mm
700xl0

f=_1 00=_1_ 21tN =~= 3000 =50Hz
21t 21t 60 60 60

f =_1_J g =_1 9.81 =13.32 Hz
n 21t b st 21t 1.401xl0-3
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x=--;===========-

350

x= 700x10
3

=3.79x10-3 =0.0379mm

[ 1 _ (~)2 ]2 +[2XO.2X~]2
13.32 13.32

~)Fr = TR.Fa =O.137x350 = 47.89N

TR=0.137

·~.dcs:" y--lQ.; ).:> ,) ~} ~.t~ 4? , ~r:- J..oL:;;:, ~Lu)~~ .~I L5j}t J~J ,~Lu) L5lJb~ ).:>~t~ }I

:~J~~ Fd =ex ~I ~r 4~~ ~~').:> ~1~'~i~

mx + ex + kx = Fa sin rot

x ( t) = X sin (rot+ <I> )

T

Wd ~.t~ hwi"o~ ~~I )ts= JF.dx= Jcxdx = Jcx
2

dt (~~,~)~. L.>lAj T )
o

T= 21t
CO

Fd =ex=cmXcos (rot -t- <t»

l(--.!LJ'2+(x y=1
croX X)

x =X sin (rot+ 4> )
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rlJ"!~~.1 ~LA .~I <.S.)~ ~1~1 )~ Fd <.s,~, ~I <.S~I) ).) x )~ 0' ).)~ ~I~ ~. ~~Lu, ~.)~ ~I

.~I o~ ~ <.s,~

.~I ~I,~~ 0~ ,~I ~~~ , ~) ~~.)~)5' ,? .))~)~
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.~ ·1 1 ,1 ~ _e.~ ~~'1" 1 ·~I
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W d =gFd dx

)} Fosinrot- ~¥,)Ub <.s,~ ~~ ~, ~1~ S~I~.~,s l.S.1~ <.S1)1~ oS '-.5~lj' ~)~~. ~~. 151~

:) ~1u)~~.r ~~Lt.o ~1 ci.;!

m x -i-kx zu N =Fosin rot

~1).) o~ WJ.j '-.5;}1 ~.4~~ ~4. 0.)),' ~~~ 151~ .~)b ~r~ ~~ JlN S~I15'~ ~')k

}~ ~l> )~ 01';~ 1) JlN S~I '-.5'~ .~~ )} J~~ j~, S~1 4~)~ o~ ~ <.S;}1 4 1)~

.~1~ 0L:J Fd ~,lA..o '-.5'~ u )~~

2~
ro

W d =g Fd dx = f cx2
dx

o

~,s t.S.1~ ~,; o~ WJ.j '-.5;}I=1tceroX
2

x

~~)~~ S~1..b..J'; o~ WJ.j <.S;}1:2 fFddx =4Fd .X
-x

21tCe roX =4Fd X

4Fd
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e 1troX
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Fo
,---------2

(k - ffiro2
)

2

+(~ J
x=--------

x= FO

K

1-(~r

1-[ro: r
~l~ ~~, b~ =(:~J< 1

<p = tan-1 [ C ro 2 J
k-mro

---- =tan-1

1-[ro: r
<p=tan -1

<p=tan -1

4Fd+-
- 1tFo

1_(4FdJ2
1tFo

AY _Af JL.v :~~ csW~ ~

~.) ul)~) ~. r'~ ,~~~ F( t )=FoCOSffit ~}A)llb <s,Y-:;;'~ 4S o~ly:-A 4 <.S~lj' ~J~~.~ ~. <.S1~

~~1~

TX(t) ~l, c ~.ly:-o ~.~ ~ ~l~ ~jSlo )-li.o o)~ ( 'f

.~.;S )a.i)4clO101y~ 0' ~, ~ ~)JA).) , o~~
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.~~./~ j~ ~I~I ~, ~ ~.~ )~ ,~~I ~.l~ JLo.c1 ;1 )~ (~

~.l )~ .c)I~ ~ uL;L,,.; ~ ~I ~Lu)~~ ~y> ,~~ J,9 ~) lS'!.l~ 151)~ <..5~ljl ~)~ ~.~ ~~

"v -t;A Jlw :~~ ~~~
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Fd
cooX ('

!x 2 (r
0- 2

x X (,

coo2 X (f

lS'!.ly:-o ~,; o~ ~ <..5j}1 )~ .~I ~) ~.1y:-o <..51j!~~ )~ o~ uil; <..5j}1 ~ ;-:1;-:~ ..6-.>,; o~ )~ ~

.~~./ is" ~bt.o ;-!.j ~1) jl ~)

Wd =1tcroX 2

,~L5,L; jl.~I1taX L ;-:1;-: ~~~ a 01~,s ;h9 ~,X 01S)j-?;h9~ oS~~.~~)~~

:~1~ ~I,> o~ ~ 15j}1 <.S';-: o~l ~~~ )~
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4k ('
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Fo
(l

k

Fo
(r

k

3Fo
(f--

4k

3m xl +c( XI-X2)+k( XI-X2)=O

mX2+c( X2- Xl)+k( X2- Xl)=Fo

.~, Z = x 2 - X 1 ~ 0lS:.o~ ~l; ~J.l'!~ , ~~~ ~L; rr- ,~~~r ) ? ~~

.~,~ ~''> J,' AJ~~)1 r,~ AJ~~ .l'!'~ ~ 0~;S ~ 4

3m( XI-X2)+4c( XI-X2)+4k(XI-X2 )=-3Fo

3mz+4cz+4kz=3Fo

,~ y~, ~r , o~) )~.4. ~, ~~ ~.~)~ ~J;-?~, ..)')~ ~) 0 Loj ),yo}')..) fY::; ,..) '-.5')~ u~L,u)

:~ ,~~ ..>.A>l,.> 0~~ ;Jb ).;)~

·~4~~f ~.jf

~C\ - v- Jlw~~ \S""~ ~

t = 0 ~)..) ·~4 c S~I ~.~ 4j~., S~' ~,~j ~ tAS ~~c.so~} .~)~)} ~j '-.5').l'!~

:4~' .l'!'.l'!~~r u~jl)~)~ .~),1~)~ c.Sy ~ V o ~r 4 '..> ~j

1--------..... t

~(,

..!-. v (,
2 0

CV o (f

~ <$)4' uL:,L,u) ~~ I)~0'';~~}4 ~J u~, lS'.l'!·~ ~'''> .l'!1.l'! V o ~' ~j ~r ~~ ~r ~~)~

:'1 ~'u U. C-S .s» AJ~~ .sss t:..: ~ d..JL ~, .. «. ~l:i ~~ L S ~ o~~) ) ..r r ~ ) .. ... ~ ,. .r..r --- ..

www.kolbedanesh.com

www.kolbedanesh.com


t---- x
(V-i) r-=-J
4--~

r----. ~(t) = v,

m x e c] y-x)

mx+cx=cy=cV0

X{t}=Xp+Xh

Xh=Vot

c
--t

x{ t }=v 0 t+A+Be m

cs=o , s=-
m

cW Ibl .'. x{O}=x{O}=o =>.. , .. r

V m[ -~t )x(t)=~ e m -1 +Vot

c
--t

x{t}=Vo-Voe m

t-7 oo:x{ t} =v0

A=::.-Vo

c

j~., S~, j1~S~I u~j1)~ )~ ~)~ x 4,1 0~~ ~ ~)~')~ )~

.J.:Scs"~S~ 1..5.:>;1 (\

.J.:S~ ~ s.r--s 1..5.:>;1 (r

.J.:S~~ 1..5.:>;' 0jl~' ~. ~ (f

S~I~~ ~ c j~.~ S~1 ~..rO ~~ ( 'f

.~)~f~

"-'~l> )~ ~~~~ ~ yJ ~~ ~ ~~~ s,~ ~ ~, t..S'~ ~ J~Lu 4.bi.i )~ j~.~ S~I 4 ~r; ~,:; ~

( x f) '~~lSA ~~ J~l:u 4biJ jl ~ ~~ ).:; ~~ SlS:.bot ~ F.r;

:4 ~l ~,)=! ~.~ .9 451..:Jl> ,.) )~ f! U = U 1 - U 2 ~-::=~" lSJy;1 J)l;l

.. 1 2 1 2
j~.,~~l tiU=2kxo-O=2kxo

, 1 2 1 2 1 (2 2)'
~> S~l ilU= 2 kx o-

2kx f =2k xO-x f

.~jl jY~.~ S~~,l 4
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7''\_V· JLN:~~~~~

- .. L, '\5~ 1<" .... .. tho .~l I -" - k .~ "--Y • c:\.J • c ~ c:\.J ..lS c.S ~l" JL:, ~ ~ ~ m ~
~~ .r:~ ~ ~ ~- --- . ...r::' . J,.,;;J.r- . ~ ;> y~ ) - - ) f.r:-.~

:) ~'U)~~ w~W)

ff cos 2 a. <'

Ifsin a. (r

ff cos a. ('I"

ff sin 2 a. (f

Fo=kxcosa

rnx+Focosa=O

rnx -t( kx cosa)cos a.=0 => mx +(kcos 2 a) x =0

.. k 2 0x+-cos ax=
m

ro~=If cosa
o~4~~,~jf

7''\ - V· JL..,:~~ ~~~

·LJo.<. S'J,,···I· . B~' ~~. t6~ .'. '~g~b l.j· ·,c '<t., -lhoB A ~'-:"'-!..r:' . )~.!J ~~)!J ,"---. ~",,---. !; ~ ~~ dr' ) )..r~) 1.,,;:1')~~ , ~!;
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)~.~. ~l> ~~~~ 0~j ~~ 4 ~1 o~l~ ~ A~ j' ,~,~ ~Lo.; )~ ~j 4 oSB~ ,l)~ ~l> )~
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Af_AfJlw:~~~~~

N NS
~4..~I ci./ )'} B( t) ~.rO ~ t6 ~~~p)~ I) k=2- , c=6-, m=lkg u~ ~~ S-:.

m m

c

set)

k

.~, ~L..,";~ ('

.~I~ Q.;.o'~ L ~L..,'; (r

.~, ~G Q.;.o'~ ~ ~~,; (,

.~)~ ~~ J~I ~ ~~ (f

cc=2Jkrn=2J2X1=2J2

~, ~ j' y;$))-? ~,~ ~ ,( cc<c) ~I~~ ~,~ S~I ~.rO ) c ~~ ~.' S~l 0~

..::......1 ~L,,;~ l.r--o J~~~4 ~ .::......ll.r--o J~~ ~ [ ~= CCc >1]

·~4~~' ~.jf

Af_AfJlw:~~~~~

Ie.

m
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~.::......l rl..lS '~~.s" 12 ('~ jS.r" JP- \) \S""'Y-!.1

g;(r f~n

~ ~(-~-+-m-k-) (f J;1 +~ {r

b=lsiD 9= 16

~' 1\-1 =1 eL...J 0 0

10 8=--ko!-mglsin e
2 2

2 4ml 2 4Ul1
I o=I G+ml =--+ml =---

12 3
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4ml (Q_ 'L..ll 2 o , 16
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3
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3
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AY'_AfJ""':~~~~~

m, 1 ~}~~ rr , J,b .~jL.,~ ,) y ~.,'j J.9' ~ ~~, ~b )~ o~ o~,~ 0~ ~W), ~~ )~ OB~~

~.::......II"I..>S I.) ~l::••.,l ..::.JI.> J~ 0L..,~ ~,s "-!..9lj !.S1.1'!~~ ..:r..l~ ...,...;15'} ..:.......1 ~1.9 ~ )~ ~ I"~ jSyo .9 .::......1
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ron =~~ cosy ron=~:y

(r ('
-6

6

(~~)cOSy co =~ k + g00 = (f (fn n m 1

)~ ~ ~. ,~, ~ ~ )~ o;l~ ,~, ~~\ ~b J~ uL:,~;I d$ ~Loj ~ 0j, lS'~ ;1 ~L; J;,s 0~

.~, ~t.-.,' J~~ ~l.> jI J\~' ~.,'j e .~)~~~r u)l~~

LM o = J o 8

-ko(1)=~ml2e
3

-k( le)1=~ml2e
3

~ m8+k8=O ~ ron =~:

·~4~~' ~.jf

V\_A. Jlw:~~~~~

... t.,u \ ~,~ ~W 1_,. (~_<:)~S~, u clJ o~' ~IA- ~ d.5 ~ ,~~ ~l:> ~tf) .. ~ . ,.., )~. ~~, - )

.~~~ ~,~ (r ..xS~ ~~~ ~ ('
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eq 1tOOX
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~4..~~ )} F( t) ~4?~~}-O)Ub.d:-~)l> S~ ~. ~I.:; ~~ ~. cS ~~cs" u)~ lS"'~ 1)~ u~~)

.JJb~~ cS,;~~~ <sltb~lS) )~ as ~Ilyir ~4. ,~~)ltb.d:- s~ s,~ Lr:.' ~~

.~~ cS'~' 151~.LS'~ ~(.S'~~ L5'~ La yh;~)'A ~~)lib~ lS'!j~ ~'J

~~j Oj4 J:') ~) J..~ S)~ ~t.) l! ~~.9~ ~'d.,~~ LS~,~.i

)~~ ~ ~. Lfu~~ ~.' LSj~j J'~' , ~l~~ }t ~l;~

fF dt = fF0( t )Iat =F

IF=! :~,'~. 0' )1~ as ~, LSl~rO '~'>'.9 ~~I\.
'~

4.~ F' ~~ ~"r.~. ,\~.~ ~~.9~ ~ )~ <s141a-~')lo ~19 0LS:4 ~:.; tJSL.r.'J 0'~ ~~~ ~ ~r ~,..~,.;,.; ~~ cS'~~ tS~~

X ( t ) =
_x( t ) ( ) v0 . )sin (On t+x ,0 COSffi n t=-sinront+x( 0 cos ron t

ron ron

Ir- A

I',',x (( tt )) ==== _F_ sin ro n tI moon
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h( t )=_1_ sin ron t
m m.,

() F -~ro t
x t =-- e n sin rod t

mood

mx + ex. + kx ::.: (t)

. 2 Fo
X+![i)Jnx.=-

m

....:......10..;.;, Ir--o 0L;L~ ~lS} (Od =ron ~ I-I; 2 -:}).:i cS
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Jrnx-t-kx=fou( t)

x( 0) ., ~ F6,
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k k

t(O

O( t (to

t) to

x (t)= 0

B
X ( t )=.-J!. (1- cos ron t)

k

x(t)= ~(l-COSOOnt)-~[l-COSOOn(t-to)]

-:
/

/"

.......--~------- ~

F( t )= Po tu (t) - Po (t - to ) u(t - to ) - Fou (t - to )
k to

Fo 1 ( sin ron tJ Fo 1[ sin ron (t - to )] Fox(t)=-- t--- u(t)--- (t-tO) u(t-tO)--(l-cosront)u(t-tO)
to k ron to k ron k

F(:ll

F( t )= - Po (t - to )[ u(t) - u (t - to )]
to

= -Po (t - to ) u (t )+ Po (t - to ) u (t - to )
to to
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F. _...

v~-vv J~ :~~~~~

<,..x(t) ~L,FO[l Cosm t] I ,cl~0:..,~ I ~ ~ ..:>,cl ~ -- 0...J I_-It «: ·~1 ·1<:-_ -.: t,,.y--- , -K - n r ~ ~ -.. -·F - ~ ~) .r-.9 ~E- ~ ~.;-;.-~ ..~ ,.y-- r fl.)~~

~~I ~l~ t > t2 tol) ~~ <J:l.l <..SI~ o~ o~l~ 0L:..;~~ J.o..Jl

Ib [SinOOn (t - td-CoSoon (t -t2)J -,
K

Ib [SinOOn (t-t2)-COSoon (t-t2)J -r
K

Fo [l-CosOOn (t -t2 )+CosOlu (t - t2)J -r
K

Fo [COSOOn (t-t2)-COSOOn (t-tdJ -'f
K

.~~ J> ( ~.j~.n-r') ~ ~~ ~1 ) o~~1 4L.,1,;($'" ,)~

Xl (t)= Fo [l-Cosoon (t-tdJ
K

X 2( t) = Ib[1- Cosm, (t - t2 )J
K ~, i.~

t > t2 : X ( t ) =X I ( t ) - X 2(t )=F: [cos 00n ( t - t 2)- cos 00n ( t - td]
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L5l.Jb~LS} ~,~ .~~~ 0~ r,~ ~r ~~ ~,~.~ ~~Lu, n ~,; L5~'j' ~)~ n~~. ~.r ,~ ~l> )~

~ ~.f> ,~,~W) ~}-O ~ ~ yl;~~ ~lS"};lb. .~I 0' <S~'j' u~)~ ~1~ ~ .1?'.1"!~ l..n.'~

.~~ ~''> ~Lt.:;) L5lJb~~ L.n.1 ~ ~~r ulS"r j1 d ;;
.~~~ )} ~).1"! ~)~ ~l> ,~ )~ I) uL:,W)~~~~ j.:-i~~, )~

~Ij' uL::J~')' -,

{
mixi =1) -ktXI-CIxI-k(xI-x2)-C(XI-X2)

ffi2x2 =F2 +k(xt -X2)+C(Xt -x2)-k2x2 -c2x2

{

ml.~l +(~+CdXI -C~2 +(kl +k)XI -kx2 =I) (t)
ffi2x2 -CXt +(C+c2)X2 +(k2 +k)x2 -kxt = ~ (t)

[M][x]+[C][X]+[K][x] = [F(t)J
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[
fi l O][~I]+[C+CI -c ][~I]+[kl+k -k ]lrXI]=[Ft(t)]
o ffi2 X2 -c C+C2 X2 -k k2 +k x2 F2 {t)

.~ 0)l.A:..o [K] ~,[C] lS.1~ ,[ M] r.r:- ~;Lo ~ yJb oS~~~

[M]=[M]T ,[C]=[C]T ,[K]=[K]T

:~1 ~.j u)~ ~ ~~'jl ~)~ ,~~ ~,~.~ dJ~~ ~ r~ ~.

[::: :::]{~:}+[ ~:: :::]{::}+[::: :::]{:}=[~: ~:~]
.~,~ [c] ~.I~ ~.;Lo ~~ ci~ ~)~S~, 0'~~ t6d)~)~

.~, ~~.~ ~.,s- ~')~~ ,( mI2:;t:0 , fi2l *0) ~4~# cS)a.9# ~~ r~ ~;Lo):J~'

.~I ~L:-.,I ~.,s cSl):J~ ,( k l2*0, k 21*0) ~4~# c.s;h9#.r"~~ ~.;Lo)~~"

.~, ~r ~.~ <.SI):J~ ,( Cl2 *0 'C21 *0) ~4~# cS;h9# yo~ ~.1~ ~.;Lo)~~1,

~~fu,~ , 4S~fjT ~j~ ,~ 4St.b~ ~fjT uC,Wjf -,

.~.A~ )~ (~I ~Ijl u~Lu) ~')~ ) xScs" 0L.,~ :J,>~<.SlJb~l)) ~ t6 ,) y!.j <.S~ljl ~).) ,:J~

{
mJ.~J +{kJ +k)xJ - kx2 =0

fi2X2 -kXl +(k+k2)X2 =0

:~~~

.~cs" <.S)~.l.=:-- ~y ".::/~:/.)Lt..o )~ I) ~01 u~ .9 x 2 ,x I

:~~1~ ~~Lt..o

{

[{k+kd+mls2JXJ -kX2 =0

-kXJ +[[k + k2)+ m2s2JX2 =0

·~4 ~ ~.I~ 0~;~ oS ~1~.1~,.9 u':J~~ o~~ ~1~ ~ # <.S~yl~ ~I~.b~

S1,2 =±jOlt

-k
=0

(k+k2)+ ffi2S2

.. . L{ Xl= All Sin (cot t + 'JIll) + A12 sin (0)2 t + 'V12)
~ JS 1::'""., x2 =A2ISin{COJt+'I'2d+A22Sin{oo2t+'I'22)

A21 A 22
~l~~ uI=-' u2=--

All A I2

{
Xl = AllSin (Oltt+ 'VI ) + A12sin (0)2 t + 'V2 )

X2 = U IAllSin (cot t + 'VI ) + u2Al2Sin (0)2 t + 'JI2)

.~,f~~~ <.S~~ts'") (02 ,(01 ~

'JIll = 'V21 ='JI1
=>

'JI12 = 'JI22 ='JI2
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u~" ~.;,1~ ~~~ (02 ~,,)~ ~\5} ;~ '; u 2 ~,,)~ , (01 J~t~ ~ts') ),) 1) U 1 ~,,) ~

:~ ~, )'"!l~ L} )~ -s ~~~

0~ X ~2) , X ~2) "::")J-"" ~ I) 0)2 ~ .b~.r" X2 ,Xl r...:ll...A.o ~ X~) , X P) "::")J-"" "-! I) 0)I "-! b}!.r" X 2 ' x, )'!..:llA.o

A X(1)
Ul=~=_2-

All X(1)
1

A X(2)
U2=~=_2-

, A I2 X(2)
I

k

.~ ,,) e"7.... .. 1 . ~~\5(" Ub~1~~) U aUI) I$'---:~ua,:>. ~<..S • 2;;

:j1 ~'u;~ Uby1~ o-e..~~~ ~~ Uby1,.=:-- <.Sl~ <..SjyA ~~ f , J~ f ~ ,~~~ U2 , U1 d.S Jb

{:J=[:JAll Sin(OO(t + 'I'd+[u
1JA

12Sin(Olz t +'1'2)

~~ ;,)~~~cs" b)tb,1 , .)~ ~''> (COt) J,l ~\5} ;.)~lS.~~~ ~, .)~A12 =0 4S~ \S)ts' ./1

:,)~ ~''> )"!.j ~;~ ~ ~4. ~ ~;~~J ;~ .~~ ~L,u) J,t

{:~}=[:JAllSin(OO(t+ '1'1)

;,).~~ ~Gu) ~,.).)}-O;,) ~,~t~ ~'p 1) (0)2) ~,.) ~LS})~~ ~G:--~G:-- ~ All =0 ./1 Lot

:~~ ~t,> J"!.j u ;~~ ~4 ~ u ;~0-!.1

PI ( t )=A11Sin (~ t + '1'1 )

P2 ( t ) = A12 Sin (~ t + 'I'2 )

•
EFx=mx.

<s')~ ~ .~, ~1;,~, ~l.Q;.j' ~y> ,~~1).)~ Lr!1.~.~ ~).) '; y:.j (~1),~ +~ ) ~~lj1 ~)~ ,~~:J~

.~),1 ~,)~ 1) d y> ~';Lo oJ~~.~~~) ~l5'" ~,~ ~t.~1 9,x ~.)'j1 ~)~,~

G
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{
-kl (x-118) - k2 (x+128)= mx

k1(x-118)11-k2 (X+128) 12 =Jce

{

mX+ ( k l + k 2 ) X- ( k l l 1- k 2 12 )8 = O

J c e-( k \11-k 21 2)x+( k\l~+k 21; )9=0

.-
yY\~

o..S ~ ,c - t_·· . ~I JL> .~L <:·-:l::--JI ~-<' 11~' ,~~1 ia JliA ~ o~l ~~~ u'}/~~}-?~)~~.r .~~ •• ...!T' \5) u~ .,~) .

.~~ J yb~ ~L:..-,I ~,s , ~,s<.S~~ ,~~~ kIll =k212

($1J:' o~ oJ~' ~~ ~~~ '~4~~ ~,~ ~~ ~~ ~'}/Jlt..a ,)J J~~ ~fi t~ :~

~ ·~4~~fi oJ.oT ~J~ ~~ ~'}/Jb uT.:,1 OJ~' 4~ J~ OJ~' u=;~.:,1 u1~ J,)1J u~',J J,)1J~

~ ut,:;~ 1,) ~~ ~fi c.s J ~~Jlt..a 4S: ~1 uT~~~ ~~ ·~fi~ 40 ~ ~1 u~~~~

.J~~1~u,)~

~ \511b~lS) 0~),1 ~~~ SI)"! ,~4 ~I~ I) [K] ~~.;lA, [M] r~ ~.;Lo ,<.S~lj1 ~)~,~ ~)~;51

.~~ o~~1 )"!.j ~') )~

ctet[ K-MOO 2J=0
~ .b}-?y4 ~Lu;1 ~~ ,~ ~lS) ylb SI) ~ , ~~~ ;1} lA,~I~~ J~) )~ 1) L9~ ~I) ) o~l ~~~ co ~~~

.~.),1~ ~~~ 1) 01
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~U~~~!J ~~~ ~y-6.9 ~!J rr-=::- L5Ub~.;l.o ,~~~ ~),./I tJS ~I ~l> LJ-:'.l (.$1)..)u~ Ln.l

.~~ ~I,> ~.j r} ~ ~y> ~.}l.o u\'~L...o~..~~~ ~.~<..S~ 6.)tb.o1

[mIl 0 ]{~l}+[kll 0 ]{Pl}={O}O
o m22 P2 0 k 22 P2 0

{
mll.~l +k11Pl =0

m22P2 + k22P2 =0

PI = A1lSin (OlJt + 'JIl)
P2 =Al2Sin (0)2 t + 'JI2)

. ~ 2 k 22
.~~~ ~~ ~~l-J~ (02 =-- ,

m22

[
q 1 ] = [ u 11 U 12] [p 1 ]

q2 U21 u22 P2

-U
I2 ]{q}

ull

{
rnX 1 +2kx, -kx 2 =0

rnX 2 - kX1 + 2kx2 =0

I[K] - [M] 0)21=0
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12{ m(.~l +.~2)+k(XI +X2)=O
! m(xl -x2)+3k(Xl -X2) =0
2

{
mPl -i-kp, =0

mP2 +3kP2 =0
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:~~~ y!.j u)~ ~ o~~0'~ (.$)4

'

u~L,u;l ~l> ).) 15~ljl ~)~ ,~ ~Lu)'~ c.Sr oJ~~

[mIl mI2]{~1 }+[kl1 k12 ]{Xl}= {FI}
m21 fi22 X2 k21 k22 X2 F2

~ )~ ~}-O)Ub u)~~ I)~4 ~~ J:> LS'~ .~I ~.~ ~l5") ~ )"!I)"! ~l)) L51;1~~ s)41uL:t~)1 )~ ~4.

:~.~

Xl =XISinrot

X2 =X2Sinrot

I) =I)oSinrot

F2 =F20Sinrot

[
kll -mnm: k12 -m12m22]{~1} ={io}

k21 -m21OO k 22 -ffi22OO 2 20

Zrs (00) =krs - mrs 002

~t.~1 ~.}~[Z(oo)J=[Zll Z12J
Z21 Z22

{x}=[Z(w)r
l
{FO}

~~Lr.:.o .' .. ' ..~ ~.. . _. L, llb .. ~~~..r .~~lS .)~~.

.~~u~~

~ ~,~ ~ ~~~ L5~~~ ~.)~ ~1,> <1>3,<1>2 ,<1>1 ~~}-O ~ 151)~ ~~ L5~ljl ~)~ ~ )a.i .))}-O~ .;fl

:~. ,~~~~ ~ ~.r:- ~.;Lo

<1>f [M] <1>2 =0 ,<1>~ [M] <1>3 =0 ,<1>i [M] <1>3 =0

<1>1 [K]<1>2 =0 ,<pI [K]<P3 =0 ,<pi [K]<P3 = 0
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<pf [M] <PI *0 ,~~ [M] <P2 *0 ,<p~ [M] ~3 *°
<pf [K]<PI *0 ,<t>~ [k]<t>2 *0 ,<1>1 [K]<P3 ;t 0
'--v---' '---y------I '---v-----"

~ ... 0..J I J'~ to ~ t6 ~ ..~ . .. ,C - 1_, a _..~ I -,. .~ .. ~ - .. 1- ,c~~ • ~ ~ e : ILo . ,cl.~ .. ~~ }'O I F· ~~~ ~)~) .~~...r-- y?) ... r .~~ }A u Y ~ .r ~~

<p1 [M]<p =1

[a a1[m o]{a.}=l=> 2ma2 =1=> a.2 =_1_o m a. 2m

~~[M]<t>1 =1

~~[M]~2 =1

.~~~ \ 4~I~ JI~~ L5Ubf~ ,~ 0~Lo} J,g <.p,) ~ llb <I> ~.~ L5Ub~~ ;f'

---7{<p ~ [K] <PI =001
<P ~ [K] <P2 = ro~

[m1 0]{~I}+[kl+k2 -k2]{X1}={F(t)}
o m2 X2 -k2 k2 X2 0

.~~ J> J'~}'O o~L;l ~ ,)~,~)~ X2 ,Xl L5'~'~ ~~Lu,,~ ~ J,,9 u':J~~ o~~ 0~.? ~.~L5~ 4

.~~~ r~' u~ ~~ ~ )~ 0-!.' L5'~

[M]{x}+[K]{x} ={F~t)}

{x} = [<p]{q}

:~.. :.L,u, _1- ~~ :. Ub·'· ~ ~I nxn "~[Ii\]
~~ ) ~L5 JA~. u~ ~..r 't'

[M][~][i:i]+[K][~]{q} =t~t)}

[~r [M][~][q]+[~]t [K][~]{q} =[~r tg)}
<t> 1M<l>l <P1M<P2 <t>1M<t>3 <P1K<PI <P1K<P2 <P1K<P3 <P 1F( t )

<p iM<t>l <t> iM<P2 <t> iM<P3 {q} + <P iK<t>l <t> i K<t>2 <p i K<P3 {q} = <P iF(t)
<t>jM<Pl <t>j M<l>2 <pjM<t>3 <j>jK<Pl <t>j K<P2 <Pj K<P3
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~ ~)~~w ~~ J'~}-O L5~~ , Jb~ s~rr ~1 )d9 S'J r'~,~ SlJb~¥, 0~.? 0 j:JLo.; ~!J) &.b
~. o~l-J u)'~Lt.o J-> j'~,~~~ <.S."h9 ~~~ y~{q} , [q] )~ cU ~~u--!.;lA, ~~ (o~.!J L5~.)~.J"! ~~

.~~~ j.> lS~lj' ~)~

[~ ~}q}+
(02 0 0 <p~F(t)

0 }

1 0 0)2 0 {q}= <p~F( t)2
0

0 0 (02 <p~F(t)3

, ~~~ dJu" s)41u~L,u) ~~ ~ k2 ~ 4<.S? ~,; tAS ~j ~ )~ ID2 ~lA~' is"r:- 'Y~~ rr
~'J fi} ~1r~ uwW)~ ~~ y~l <.S'~~ ~ ~1';~ rr-~' .~)~ o~ ~ ,) u~Lu) ~~.~ o~y~~

.~~~~

! F. slt\wb

~.4 , o~ ~~ ~b- )~~~ ~4 (0 = ron ~ o~ .J"!'~

.~~ 0' S'~ ~olJ .f.S ~

:~)~ ~~, S~~ <.SUbJ>O') ~~.t J> <.S'~

( m L k .- L)" - .. f_ ·lS· L CO •.. ,.. ~. ~~~ ~ .. n ~-

.. ~ S'J .. ·· .' . ~ ~,-,
~. ~ u'r

~u" ~!J'~~ 4S k2 , ffi2 ?, rr:-~'~.~ ~ y~~ rr:- ~ 0~.? o..9w" 4~<.S~'jl ~J~ ~.t}1-'

• A~ u~lJu' « -l;.,~ ~~b-,~ ... L,u , s...,~. .l5" ~ L o~
~r~ ) ~.. .. cs" l.f J ...r: - ~ .r: .,

,~~~~? u),~lJt..o .~~)lS'" ~ ~ ,) fi} rr:- ~? cC..ol~, ~~~ ~l5" 'J 4,'~u~Lu..)' rr:- 0-!J
:., ~'u l& u~w, « -l.:.J~ ~~b) ). ) ~ ....

F20=O X
) l

X - -Z12I)O + ZllF20
2- 2

ZllZ22 -z12

(k2 - m2oo2) I)o
Xl

[(k2 -m2oo2)][(kl +k2)-mloo2J-k~

{
m I.,x,.·.·,'·.l +.~,.kl +k2 )XI-k2x2

=FIQ
.."m2x2 -k2 x I +k2x2 =0

[ffil=[ffi1 0] [K]=[kl +k2 -k2]
o ffi2 -k2 +k 2

Z 22 FlO
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k
:~1 )1}~ )"!.j ~I) o~ )"!,)"! ro~ =_1 ~"~~~lS'} 4~yw:; ~l5"} , ~1 ~.~ Jl> ).)~L>~

m}

~=~
ffi} ffi2

k 2Fo -Fox, =-2-=-=>k2X 2 =-Fo
-k2 k2

.~~ J~l') ~.yw:; <.s,~ 4~,~ <.s,~ <.s,~ ,m2 fr 4. ul:JW) ~~~ y~4-~ J,3 ~') ~lb.o

,~4~ 0~"; ~l9~ ,~~ u)~ ~ 4.,~4~ ~,~ <.S~~lS'} jI~ tAS ~1 ~,~ ~~

~~. u)~~~ j), ~).).j ~~, ~)~~~~ rr ,.)~~~r ~ 4S~;f yb)~),.b~' ~:.,t,;~

.~~~ h:--~~ ~

mIx} =-k(XI-X2)

ffi2X2 =k(XI -X2)

JmIxI +kXI - kX2 =0

lm2X2 -kXI +kX2 =0

[M]=[ml 0] ,[K]=[ k
o m2 -k

k m 0)2
![K]-[M]oll==o=:> - 1

-k

(k-illtol)(k-ill2ro2)-k2 ==0

k2 + ffi l ffi2 002 -k(m} +ffi2)0)2 _k2 = 0

ro2l illtill2ro2 -k(illt +ill2)J=0

ffit = 0

2 k(ffil + ffi2)
0)2 =----

ffiI ffi2

k(ml + ffi 2 )
=> 0)2 = J----

ml ffi 2
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A21
ul =1=-

All

A 22
u2 =-1=--

All

~.f>~~ ~,o)~I~.~~~~ ~~ rr:-,~ yIb ,~1 0)=0 0~ J,1 ~~)~ Ub~ 0:'.I)~ ~~ ~~

.~~

.~I ~L.,y~~.r- ~.)I~ ~lS.;9 0~ ~~~ ~~ )~

~ ),.b~ .~~ o~~1 c.S~ljl ~)~ n~~ ~r u~~~ <::'~I )~ 0
'
,;<.5" L) j1 4S ~I ~ ~') ,~,) 0-:'.1

:~yf ~)~~.j U)~ ~ 01':;~ I) S~ljl ~.J~ n~ s.: c.S.r- u~~~

~(aT)_ aT + au + aR =pnc
dt aqi aqj aqi aqj 1

p =p.c+p.nc+Rd
1 1 1 1

i=I,2, .... ,n

r~~r=qi

r~ <..S~,~=Pi

~~) <.5~~~Pid

i=1,2, ... ,n

~rku~=qi

~ tSj}I=T

I:~ .'. 'I=U
~ '.' c...S.Jr

-1'( ~ '_p.e
~(J~ tS ~~- 1

.1·1 . "1 .~ . llb . _pnc
~.Y) ~~,~ ~tS !J~- 1

.~.),1 ~~~ j:JI.J'i~') ~ I)~~.1 ~.r u'i~~ .~.~ ~)~ 1.; ~.j c.S~ljl ~)~~.)~ :Jlto

.~I LS!-'~;I)~o~ ~ c.S.:>}', ~t.; '~<.5.:>..,..;' ~L::J ~<.S)}l ~bt..o f'~ ~,I

.~L 2k J~~ L~ h.l;..:;.~ ,c'l ~ L Ub~~.~ .rr: ~. I",;l)~ tV-~ • .rr:

·~4~ 2c J~~)"!;A~~.~ <.Sj'~ ~ 4~ Ub~~

] 2
~l::.; 1S;;lU =2(2k)x +mgl(l-Cose)

o~ wi.lJ 1S;;IR=~(2C)x2

1 .2 1 2
.~ .c:. 'IT=-Mx +-mV
~-.--. .s,» 2 2 c

{
Yc =lCos8

Xc =X + lsin O

V; = x~ + y~ = x2 + 12e2cos2e+2xleCose+12e2Sin2 e=x 2 +12 e 2(cos 2 e+sin 2e)+ 2 xlecose =>{.Yc ~-le.Sine
Xc =X +18Cos8

V; =x2 + 1292 + 21xeCos8
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~ IS;}I T=~MX2 +~m(x2 +12e2+21xecose)

.~1 m ~r:- ~ ~}-!YO ~,~ ~; , M ~~ ~ ~j-!.ro J,1 ~;;~~)}' ~1) )~

.~~~ Pi r~ SUb,~ ,~~~ u)~ ~1jl u )~~~~L:,~.J' 0~

au
, -=2kxax

(1)

(2)

~(aT)_ aT + au + aR =0
dt ax ax ax ax

~(a:)_ aT + au + a~ =0
dt as as as a9

aT M· . mlS· 9 d (aT) M·· .. mlS··C e ml9· 2 . e-= x+mx+ Cos =>- - = x+mx+ os - SIn
ax dt ax

(1) => Mx+mx+ml8CosS-mIS2SinS+2kx+2cx =0 aR = Zcx Q aT=0ax ~ ax

a:~ m12S+ ml x cos 9 => ~(aT) = mI2 8+ mlx cos a-eml xasin G
as dt as

aR au.
-. =0 , -=mgISln9
ae ae

ar l·e·s· S-=-mx In
as

(2) => mI2S+mlxCos9-mlx8SinS-mlxSSinS+mglsinS

, ~.~ (..S'J p )~ I) Cosf ~ 1 , sin S~ S u~.~ ,S ~,s J1~1 ~,'j J:'} 40~;S ~ L$1y? (2) ,(1) ~~~ ,~ )~

.~~ d:'}~ 1) xS , 82 s~~,)'4. ~

:j1 ~Iu)~ ~ ~;> ~)f~~ ~.'~~

(1){(M~m)X+mle+2cX+2kx =0
(2) mI2S+mlx+mgIS=0

~[M]=[M:m ~~] : [C]=[~ ~] :[K] = [2k 0]
o mgl

~~I ~)"!.j L5~~..! jl ~ rl~ ·~4 ~,~ ~~)~, , , SUb~ ~~ 0~"; ~,1j <SUb~1~~'; ~e22 ~e12 ./'

/, kl912 :) ~'w)~?L5'~ ~.fLo ,922 =-SI2 -,

2kl912 :~k:J)~? L5'-~ ~.fLo ,922 =-SI2 -\

.~,~ o)~?LS'~ ,922 =-S12 -f

klS12 :j1 ~lu)~ riJ ~.fLo , 922 =-SI2 -f
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~ ,9 11=9 21 ~ 0L.,,.; C} ~ Jjl.)}").) ~}"I

.~I~ ~1~ ? <.5,;-:; , ~~~ ~~I ? )~ ~,.b

,9 l2 =-9 22 ~ 0L.,,.; {~l} ~. f'j.) .)ro).)~ }"l

LH~ 0!.I.r.~ j .)~<.S" 19 12 ~ 2( ~ 9l2 ) ? J,.b ~;I...I.ii..o

o~lklel2 ?

·~4~~' ~.~

Vf _ Vlj JL.v :~lS:.o ~~~

.« S'L·· ·1 L ~"1 "-> ~ ~.. ~ ~Iol u~Lu I 'l) ~~ ~.tS) .) ..~ .. ) )~.r

.~L·l <,'L···I ~ - L.. °lS ~'I .. c...« L -'~~ 0 ~, • « - - S'L·· ·1 . l: d..J~ -,. U ss:~ .rv:~~ .r) r--:;:y .. .r-)~ ~.J~ u;-::A 0 •

o~;1~ uL:,W) c:\.,;...ob ~ ~-r

.~I·l <''\.lA···1 ~ - L.. 'lS ~g 'I'~~ . ~-,u r..s'.J~ .rc:~~ .r).r-)~ ..

.~I <"JA··.' ~ -,- 'lS ~., .. «:.,«~-f'-S'~ fi.-~~ .r).r--:;Y ..

~~LS} jl ;;s.:;,.s~~S~l ~ ,;)1) ..::...U[..j;l ~LS} j rod < ron u---? ,rod =ron ~1- 1;2 0~

.~I~~I~

·~4~~f~~

.~I~S~I sl;1~~ ~I-,

.~;1~ <.,)lS:..ol ~~I ~ tSl~ ~.l:.; ~-f

.~I .. , S'JA···I 11~·· . 1-'C=:..r .J~ S) ~~.

.~I ·~S,JA···I 11~" . 1-,
~)..;--;;-- ~ S) ~~.

y-Jb)~ <.,)~ .~I~ u)~ ~ <.,)~j 4 ~I,:..o SUb~ )~ c:\.,;...ol~ ~l) ~,s <.$.I~ 4.~S~I ~~, u)~ )~

.~I~ Sl5:bol ry jl S~Io~ ~ ~li ojl~1 ~ ~I~~

·~4~~r~.~

[M]=[~ ~] [K]=[+2k -k]
-k 2k

0lJ =~0.624 : _[0.73] t-~<1>1-
1

~=~2.366 : -t2
.
73

}<1>2 -
1
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X2 =ql-q2 ' x, =ql +q2 -,

X 2 =ql +q2 .X. =O.73Ql-2.73Q2 -,

X2 = - 2.73Ql + 0.73q2 X 1 = Ql + Q2 -f

:'1 ~lu ~ ,J.:$ d.1-<' ~ 1 u,,}/~Lr.-o ~ ..~ I.~) ) . ~ -:':Y c..S ) 1$ W"!. .

~V-~A Jlw :~~ \$""~ ~

:4 ~l )"!'~ X.l~)~ 0~1~,.9 ~ o~~~ <s,~ ~.?Lo ·~4 ~b ~.?~ X .Jl

Ft=kX l+(~~r -r Ft=kX 1+(2~~r -,

.-.\j;l~ j1.9 J)t.>.l ~)~ 90 ,~,~~.' ·~4~ Ub~, y-:;-o~ <sl.Jb,~ S),j19~0~'-.\j:;-9 ~ ~;l, s,~

r, =~ (2kX) 2 +( cwX) 2 =kX~4+( c; )2

:L~l 1 A":>D..JO~ I~···-.t"' . :·<l...\>o~o~l~·~·· ~
• ~~I..r.. ~~'~.r- u ~)

k
2:

~ x (t ) = X sin (rot+ <p)

1 y ( t )=Y sin co t

~(kxl + (cWX)2 -,

~(ky)2 + (cWy)2 -r

~[k(X - Y)J2 +[w(X - y)]2 -r

r'~~-"f

.~.~cs" yh;)~ y( t ),x( t) ~lA.; w)~~ 1) z (t)~ 0ts:.c~
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Ft=~( x-y }+~( x-y }+c( x-y}=k( x-y}+c(x-y}
2 2

z ( t ) = x ( t ) - y ( t ), z( t ) = Zsin(CO t - ~ )

Ft = kZSin(rot - ~) + cooZCos (rot -~)

moo2 y
Z

~ (k-mro 2t+(cro}2
? I 2 2

I I
I 2 2 2 mOJ'~yVk +(coo)

F t =Z\lk +c co =--;:::::=========

~(k_mro2)2+ (cro}2

~C\-v. JL.v :~~~~~

:4 ..::.....1.r.I.r.ro>~ tl) ~ m f'.r }·~.4.::.Sy> ...::.....1 o~ o.:.bxf =esinrot ~I) 4 ~.4.::.Sy> r..j Js:..::. ~)':>

[ r= ro:)

t
Xf = esin( rot)

x(t) =_e-Sin(rot-~) -,
l-r2 2

x(t )= keSin(rot - 1t) - r
rn

X(t}=~Sin(rot-1t} -1
l-r

x(t} = :Sin(rot-~) -f

.~.~~ J,9~~1~ I) C-S.r 4J~~

mx =-k(x-xf) => mx--kx e kx j

eex - ke
k - mro

2
1-~ (02 [(0 )2

k 1- 00-:-

ro < [k -n(t} =~sinrotV-; 1-r

co > [k ~ x( t}=~sin( rot -1t}V-; 1-r
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VY -Vf JL.v~

:4 ~t ~t)"! ~.4. ~ ~m fr- 0~~ '~~l5' ~),y(t)=You(t) y~ ~4 ~ o~ o~,~ L>~ ~)~

y;-%-(1-cos (On t) -,
(On

y
~ (1- cos (Ont) - '"
k

YO (l-sinoon t) -r
k

R
-!L (1- cos ron t ) - f
k

:~.)'~ m rr: ~tjl ftyf~.~ ~) 4

-k( x-y }=mX

z=x-y => x=z+y

-kz= m(z+y)

mz-i-kz = -rny=-mYou( t)

z+(O~z = -You (t)

z( t) =Zh + zp =AI cos OOn t + A 2 sinro, t + [ ~Y; } cos COn t -1)

z(o)=o 1.(0)=0 ~ 1kt :., .. , ·.r

:4 ~t )"!'~ Fo oj1~t 4s'~. ~~ ~ t~ L>j~~~~ .~t ~~ J~~ ~~ ~ ~)j ~jt y~ :r,~ ~j)

X ( t )=Po (1-cos 00n t)
k

Fa =rny=mYou( t)

x ( t ) illYoU ( t) ( 1-cos 00n t) = Y~ (1-cos OOn r) U ( t)
k (On
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:4 ~, ~I~ x ~).) o~ o~,~ 0~~~.f> ~~lM,

mx =mero2cosrot ( ,

Mx =mero2cosrot (r

x= ero2cosrot (,

(M + m)X= mero2cosrot (f

.~.";~ llb X )~ 15l.:-JI) ).) I) ~~ ~.f> ~~lM,

UbX )~ <.S~') ).) M ~~ y~ : X

d2

UbX )~ ($~1)).) m ~.r:- y~ :-2(X+ecosrot)
dt

2

Mx+m~(x +ecosrot) =O=>(M+m)x -mero2 cos rot = 0
dt

=> (M +m) X=mero 2 cos rot

[M]=[~ ~] [K] =[~ ~]

VV-VA JLM:~~ ~~~

:U)~ ~? ~, ~r; ~.;~ 15.)ljl ~).) r ~Lu) ~~.)~

rol ro2 [~~) [;~) yl~

0)1 0)2

1+ H 1 1 ('

fi f3 0 1 (r

fi f3 00 0 (f

H H 1 1 (f

,~t..-..,'~)~)~1 ~,ss.)~ ~.1~~ .(~'~ ~L>1 <.S.#9~ Y""~)~ 15.#9 ~,~.r:- sl.lb~';~

:~1~ ~.)~ )"!.j u)~~ ~~) s~.)}A J~Lu,~ ~lS} ~,s15~~ ).) .(~~..) p ) ~

IDJ =#=h

~=~=.j3

~~b~~~={ [K]-[M]ol}{;:}={~}
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[4-~oo2 9-~oi]{:J ={~}

{

(4- 2(0
2

) xI = 0 {4- 2002 = 0 => ro=.J2

(9-3002 )X2 = 0 => 9-3002 =0 => m= Jj

J,I ~'Y'oo=.J2=> 3xX2 =o=> X2 =o=> ~~ I~ =00

oo=J"j =>OxX2 =0=>X2}_O XII -0
r,~ ~~ - ::::>- ro -

-2X1 =0=>X1 =0 X 2 2

·~4~~f~jf

vr - Vf Jlw :~IS:. ""~ ~

~ )~ .~~ ~L,u;l CU ~l)} ~ ~~~~ ~4~ ~l.6.o ? ~.4..~, O~ U,~.,l k ~~ 4~ ? j1 m~~

~ ~~;4sO ~4. <.$.~~4- .)'!1.)'! ~~ <.$.4-~ ~ cl,;.,.o'~ ~ts"}

cJlJ x (t) = Xsin rot co= 1.414000
-,

-:

co= 2000 -r
t y(t} ro = 2.828000 -f

co= 0.707000 -f

:~ J.:>~ ~'J ~ ,)~~~ ,~4 ~1-\.i ybl>-~ 'J~ ~1 ~dJ~ J~

:~1~ ~.4. ~~ S1.)'! ~ ~"J ~

my=k( x-y}

my-i-kye kx

x =xe irot

x k

Y k-mco 2

i( rot-en)y=ye 'I'

=1

1-[ oo~r
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Vf _ Vlj JLw :~lS:-o ~~~

·····,~4 ~',j1~,s ~~ ~r" L5~'j' ~;~~. ~~. <5;41~L:;:,Lu);~ ~I

.~,~ ~lS} ;' .;$;j-! ~;l.> L5'~ ~lS} - ,

.~,~ ~lS} j'~,s ~;l.> L5'~ ~lS} - r
.~L _1- 'lS~'I-'~~' . ·lS~~'·("~ .. _'•~~ .r).r-;~'~ ~.r ~

.c)'~ ~;l.> <5'~ ~lS} ~~~~ ~~ - 'f

co
:- ~~~.,A:i~.~~~~~4
ron

•..::.......1 ..s:,.. jI~,s~~ ~~ 0000 >.[2 )~
n

y~, ;~~~~lS} .~'o~ ~, ~~ k ? .h.w~ ~~ ~.~,~ :J~

ffiJ =0 ,~~~r~~ j:;...o~}-O..s:,..;~~)~ ~~0~

0'~lS" '~;'~~r ~ (o~) b-" ~ 0~ o~~~ ;~ tA5 ;,.b0loJb ~,~~ .~;I~ 0~ ? b-" ;~ '0;l.C,j ~~

~''> 2k ~~~.~~~~ ,~I~ 0' ~ ? ~ tA5 '; ~~~ ;' ~.~ ~lS} ,~ j) L54-~

d
-(T+U)=O
dt

1.

U=!(2k)x2

2

3 ... 2kx' 0-rnxx+ X = =>
2

2 4k
CO =

n 3m

i.mX+ 2kx = O
2
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f 2 ' f I ~Ub.9~ ~ ~1) '.9)~') ~Lu;\~ )~

.~ ~r ~ m3 r~ 6 ~.),T ~~~ ~),.b I)

f 2 -k}
('

f l k I+k 2

f 2 -k 2
(r

f l k}+k 2

f 2 -k 1+k 2
(r

f l k I+k 2+k 3

f 2 -k 1+k 2
(f

f} k l+k 2+k 3

\.:; ~.;\~~ ~ ~.9L..o I) x3 .~.~~ I) ffi3 , ffi2, ffil ~~ ~~.f> u~~Lt..o 1~1 .~lLS~ljl ~)~ 6.-J~

f 2
.~LJ ~~4\J - ~•. '.. ... . f I

ffil X+( k I +k 2)Xl-k 2 X2=f1

ffi2X2-k2XI+(k2 +k 3)X2-k3X3=f 2

ffi3X3-k3X2+k3X3=O

fit 0 0 Xl k 1+k 2 -k 2 0 Xl

=[ :i]0 ID2 0 )(2 + -k 2 k 2+k 3 -k 3 X2

0 0 m3 )(3 0 -k 3 k 3 x3

X st X st X st f 1=F1est f 2=F2e
stXl = 1e X2= 2e X3 = 3e

xl

=[:~][s2 M - KJX2

X3

Xl f l k]+k 2 -k2 0 Xl f l

K X2 = f 2 => -k2 k 2+k 3 -k 3 X2 = f 2

X3 f 3 0 -k 3 k 3 X3 f 3

-k 3 X2+ k3 X3=O
x 3 =O

) X2=O

{

(k I+ k 2) Xl - k 2 X2 =fl

- k 2 Xl +( k 2+k 3) X2=f 2

x 2 =O
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AY Jlw_~lS:A~~~

m ~r- .9 1 J,b ~ ~I'p-:. Ub~) ~ ).) o~ o~,.) 0~~ <5llb.)~ ~ ,~ <.SlA>~lS.) ~~ ~I~,lh.o

(.~4~

1
-ml
3

o

9 1
o [ .. ] -kI+-mg81 16 2

~ml 82 + -~kl
3 16

9
--kI

16
9 1
-kI+-mg
16 2

[:~]=o

ctet( K-Mro 2)=O

9 1 1 2
-kl+-mg--mlro
16 2 3

-~kl
16

-~kl
16 =0

9 1 1 2
-kl+-mg--mlro
16 2 3

=>
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(
9 1 1 2)( 9 1 1 2) ( 9 )( 9 )-kl+-mg--mlco -kl+-mg--mlro - --kl --kl =0
16 2 3 16 2 3 16 16

2 3 gco ---1- 2 1

2 3 g 27 k
co =--+-

2 2 18m

[ K-Mro
2 Jx=O

2 3 g
co =--

2 1

~kl+~mg-~ml( ~~) -~kl
16 2 3 2 1 16

-~kl i-kl+~mg-~(ml~..f-)
16 16 2 3 2 1

( i-k1+~mg-~mg)x 1- (~kl)X2 =0
16 2 2 16

(~kl)xI-C~kl)X2=0 ~ ~1=C}

.~l..S" lS;l~4-[ K-Mro
2Jx=0

3

tn :1.." m.
~

x,.-..-...De- k(lt,-)l.,)

---. )\2

k(Il'_Jl.,)~ k()\1- Jl3 )

---... Xl
k()ll-~l~

rm x I +kx l-kx2=0

12 mX 2 -kx I +2kx 2 - kx3 =0
l mx 3 - kx 2 +kx 3 =0

[:~]=O

·~4~~f~.:1

ArJ~_~~~~~

~~1~ I.li.o 1(":·. ~.. _ .. I.-,~~ ·ts~u-: V--J ~~~ ~ .r:

0, g ,~ 2~ ('

0, g ,~2~ (r

o ~ k ~ 2k (f, 2m' m

[k , ~ k ,) 2k (1'V-;;; 2m m

www.kolbedanesh.com

www.kolbedanesh.com


[~ 2: ~]:: +[~k ~: ~k]:: =0
det( K-MID2)=0

k-mro 2 -k 0

-k 2k-mro 2 -k =0 => ID1=0 , ID2=f! , ID3=J ~
0 -k k-mro 2

.~~~~"'~.J

AY Jl.M-~~ csW~ ~

g ('
1

k
(r

2m
k

(f
2m

k (f
4m

m

g

21

g

1

g

21

:4 ~, ~,~ ,;~,;~~ ( \S~~l)} 4. , ) ~lS')

k

rnX=Tcos9-kx , cos Ga l

LFy=may

mg cos 9 - T = mx cos 9

mg e-rnxz T

, ~ ~; ';~ ,~ ) ~. ylb ~'jl r'./~.~ ~.~ ,~,

.~~ I; Ub01 ~y u~~Lr...o

mX+kx=T

u)'~Lt..o t; ~:. . ~ S-:>-f( ~L J ~L uliL., .~ "-> ..
~ '-.Pr .:~ ... ,.: ~.. . ~

.~~ d:'} ~ 0'~ ,)

kll

t..
X

T

V

T 1t

... J"M

2 k
mx-ekx e mg-ernx => 2mx+kx=mg => ro =

n 2m

LFx =mx => -mgsin9=m18 , sin9~9
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~~ lS;}\ u= ~ k( Xj- X 2)2

... 1.2 1 . 2 1 . 2 1 . 2
~ \s]yJl T=2 ffiX l +2ffiX2+2181 +2182

. Xl
::::::> 8 1= 

r

:~

2 4k 2
0) 2 =- , 001 =0 (,

m

, i=1,2, .

1.- rnXj + kx j - kx 2 =0
2

1.-rnX2-kxj+kx2=0
2

3
-m
2

o

o

3
-m
2

-k]=0
k

3 2
k--moo

2

-k

-k
=0

3 2k--mro
2

2 2 4k
=:> 001 =0 , 0)2=-

3m
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:~

~~Irl~~~ ~lJb~lS} ,~~ y!.j u)~ ~ ~~Ij' ~)~ ,~~~ r.r:- ~.;;Lo ,~~.;;lA .,/1

M=[ ~ ~] , k=[~ ~]
001 =/2 , 0)2 =13 ('

(01=4 , 0)2=9 (r

001 =1 , (02 =1 (f

(01=2 , 0)2=3 (f

det( K-M(0 2 )=O

2-00 2 (0[=2 =>

(O~=3 =>

,~~~~,~?

~ 4\ - V· JL..v - ~lS:.o «.r"~~

8 rad (f
s

·L ~I 1" - L, 'lS ~~ . -':~ .• • ~.J"?~~~ .r: u-!..r- ))"!

2..[2 rad 0' 2 rad <'
s s

det[ K-M(l)2J=O

24-4(02 -4
=0

-4 6-002

(24-4002
)( 6-002)-16=0 =:} 001 =.[4=2 , 002 =.[8=2..[2

.~~~~r~.?

V4\ _ A· JL..v _ ~lS:.o ~~~

~~1..bli ~.~ AI~, /_1'0 ~ u\":'Lu I c -~~ ~~b . ~ . ~L;I ~ 4\> .. L...rl ~~. )~ ... ·u~ o.}J .

.~yS ~I,>- ~y> jl9 ~ 'Y~~ fr-, ~I r~ <'
..J:S~ ~Lu)l~) ~~, ,~1~ ~I~ ~~L,u) (,

.~1 ~.~ <.S,~ ~1~ y~~ Jyb;1 ~), ~,y-:;)~ (,

·~4~~~ ~lS;-9 ~1.~ 1~ ),b~ y~4--~~~lS) (f

s,L-o ~,~ y~~ f r , ~~cs" u)~ ~I~ u~L,u)1 0~~ ,~ )~~ ~1 ~, f r:- ~ y~~ f~ 0~yS d.-9L;1

y~L::- fr' ~I fr ~1~~ .~)~~ ~~, rr:- u~W) ~ ~lf, xS~ J~' ~~ s,~ ~ ~1~,

.~yS ~I~ ~y> j19 ~
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"
1 (r

6.9 (f

0.4 ('

2.6 (,

[
m O]{.~I}+[2k -k]{XI}=O
o m X2 -k k X2

det[ K-ro
2

MJ=o

-k

-k (3-J5)
=0 => 001

k-moo 2 2

(3+J5)
2

I

002 =( 3+J5J2 =2.61
001 3-J5

·~4~~'~jf

VV - VA JLw - ~~~~~

~l~ e sl~.,lj x ~li:,jl ulSr ~~.~ , ~~I 0~ J;,s ~ ~I~ k 2 ~ ~~ y!.j ~ ~ )~

(L 2 =2L 1 ) ~\.:~I

CG

---~-

~ll

1·k2=-k l ('
2

k2=2k 1 (r

k2 =8k l (,
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)J\..A;.;' ~ .. -r'

··~4~~' ~.jf

VV - VA Jlw -~~~~~

~ l5;-=J~ ~ ~,~ ~1j' ,~4 oo»O>n tAS ~l».) .xS~;1 ~ ~lb..o l51~~ ~ F( t )=Fsinoot ~~)Ub s,~

4:\JL ~ o~ I;:··· - ,~ . Q.;..ob...... ~~,~

t1

F(t)
..))~ ~M , k ~.~~ ~~ ('

.~L ... ,~~, Jli:..t1 ~ . (r...~ ~. .r . ..r'

.~4.~ ~l5' Jli:.;1 ~.~ (f

.~)1~ Jl.Q.:j1 ~.~ ~ l5~tj ~1y:-o (f

TR=

rS ~~ , u)~ ~ s,L..o)~ ~. 0~,)1 , ~1 ~. j1~,s TR JUi:..;1 ~~ ,~, o»>oon 0~ ~ ~.1 )~

, u)~ ~ TR J~} )~ ~ ~, ( t;) ~1~ o~ o~')' )1~ ~.1 .~~~ ~.1}' 1) TR ~. rS )~ ~ j1 ~,s

.~,::.,~ o~,}1 .rS~~

·~4~~r~jf
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VV - VA Jl.w _ ~t.s::A '-""'~~

~~ ~o c:tj..e-. ( 1::0: ,-,l::....:J ) g ~o I~' L - 1- °lS ~q . 1(" ~o. ~
~~ ,..,-:; ~ . ~.r .~~ .r: ;-!.) ~)

.~~.~ ~.'j.9' (,
.~~.~ ~lS(,

'~~~)('

.~)b~k,m ~~(f

LMo=Ioe

mg lsin 9-kl9 (1 cos9)=( ml 2
) e

( mg-kl)8=mle

e+ kl-mg 8=0
ml

co 2 kl-mg k g
n ml m 1

.~~.~ ~lS' COn ~~lS') )~ g ~I}I 4

.~~~~'~.jf

vt; - vv Jl.w - ~t.s::A ~~~

,~ ~yA Mx+Cx+Kx=F u)~~ ~.;lA r})~ I) o~ o~l~ 0~ ~ ~,~.~ u':l~~ ./1 ,~lA.o ~)~

~~I~~ ~~'))~; ~F, C, K,M L5lA:.~;l,

ky , [c] , [k] ,[ m] (,

[ ~] , [ _cc ~c], [~ .l [~ ~] (1

[ ~y ] , [:c .. [~ ~], [~ ~] (f

[~y],[~ ~] • _Ok -kk], [~ ~] (~
~ 0~ .~~~ 0~ Z (t) ~ I) j!;A~ ~? ~ ~ 0~~ 'Jt9 <s~ljl ~)~ ~~~ ~y> u':l~~ ~,.; L5'~

.~, ~I~ ~ 4( rr 'j!;A~ '.rJ ) 0 W1~ ~I )~ ~;-:; ,~ L5r~ 0 W1

rr:- ~ ~)~ L5~;-:; =mx

j!;A~ ~ ~)~ <s~y;, =c( z- x)
? ~ ~)~ l5~;-:; =k( y-z)

mx=c( i-x) :::::> mx--cx-ccz e O

c( z-x)=k( y-z) :::::> kz-i-cz-ecx e ky

[m 0][ Xl [c -c][ x] [0 0][ X] [0]
o 0 Z J+ -c C Z + 0 k Z = ky
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·~4~~'~.:}

vr; - vv J~ - ~lS:-o ~~~

........ s)~1 ~ts"} ~ ~,~ JlA;1 ~l».) ~ <.5.)'jl ~).) n sl.sb~ Sl.n ~l.> 0-!.}S~#

.)'" ,.. - .. L, '\S .s : .. - « L ('.~~~~~~ r0-!.~ .

..) ... .. -<:.. - 1- 'lS~ ·1 (r
~~~~~ .r' »

~... I" - .. L.. .l) ~~. ..... L (,. ~~)"?~~~ r~.~ .

.~ - L, 'l) ~ ·1 (f
~~~~~ r:»

~I "'1L - .1.", lJb 'lS~~ "'L,u, d.,;.,.ob '1 ..... ,.'<:--.<: .1- l.lb 'lS~ .\L,u I ~,~ ~ ,~.~ ~.. .)
~ .r.~ s ~ .r: c..r) )~ ~:Y ~ S ~ r,yJ) ~ ~.F:- L5 ~)

(y!.~,s 4 s)~l ~\S) ~~~ ,~).) ~ ~') ~Lu) ~1~ 4~Ko lS~~ sl~'~.?, ~ L.>~
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