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(O~)l~ L;~~&~~ "'I~ ~ ~ ~I k>. r. .. .. ~ .. ~, cs" r )

.~~~~

.~~~ t L.>~j)~ o)~ 0~ S~

L\s s2-s1
(..b-J,:..o ~r ) V av =-=--

L\t t 2-t l

As ds .
(Sl~ ~r) v = lim -=-=s

~t-70 L\t dt

L\v

L\t

(SI~ ~~) a= lim
~t-70

v 2 -vI

t 2 -t l

L\v dv . ..
-=-=v=s
L\t dt
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tana=v av

tan 8 =s(to) = v ( to)

L\s
tana=-=vL\t av

~seu
~----l---

r--~t : .:
I I I

s

B
Sz ------------------

U

L\v
tana=-=aL\t av

tana=aav

tan 8=a( to)

tan 8 = V( to) = a ( to)

.:
I

~U

g----~:--ur-- ~t-------:----e-(

I I

B
Uz ------------------

ds
v=- => ds=vdt =>

dt

vjm/s]

B

dv
a=- => dv=adt =>

dt
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B

vdv=ads
v ds

- - =>
a dv

ads

dv
a=- =>

dt

ds
V=-

dt

B

(V,,- VV) J~ ~

a[m/sl

o '------+-----+---......---1--- xjm]
0.4 0.8

0.4+-----.

0.2 - - - - - -"1------..

1.2 1.4

v 0 =0.1 , Area ( 0l.S:A - ~~~~)

(
0.4+0.2) 4= 0.4xO.4+ 2 xO. +0.2xO.4

= 0.36= ~ ( v 2_(0.1)2)

=> v( X=1.4)=O.8S[ ~ ]

~8 8 2 -8 I
roav - - ~,:..o L51~,lj ~r

~t t 2 - t I

~8 .
ro= lim -dt=8 <..SI~ <.S1~,lj ~.r

~t--70

~ro ro2 -wI
a av - ~t - t t ~,:..o <.S1~,lj ~~

2- I

~ro tiro. ..
a= lim - =-=0)=8 <.SI~ 151c:\J I' ~~

~ t --70 ~t (It ..') .

t

0&.---1.----1
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(~4\ - v.) J~~

:4 ..:.......,1 .r.I.r. LSI~,lj y~ ·~4l.S'" (0=~ ~g ( 1-cos 9) w),...,~ .;;s;> ).::. LSI~,lj ..:...c.r W)~

g sin O

a=ro

2g .
- SsinS

a

~(I-sinS) (,
a

~rosinS
a. =~sina

S=ro a

a (,

~ ~g(1-COS9)

.~4~ (')~? ~1~

kl ·1" u ' 1 ~.~L _1--~t;·1 ~L~GL ~ ,·~,·Lo··1 t;~~~I" ~ I.~ ~.') u}J~ )~0"!.) • ~~ ••• <..X., . . .. ' r u u)) ~. }J~ ~)

·~4~ )'!.j u )~~ )~l.o ~1,) ~~ o~ .c),1 ~~~ 1) 0~ , ~r

:~LJ u.sli I~ u'i,r· *'--<1 ( ~I. . J . r

a= ~: => dv=adt => f:
o

dv= f~ adt=a f~ dt=at => Iv=vo +at I

v = ~: = f ( t ) => ds = vdt => (dS= f~ vdt = f~ (at + v 0) dt = ~ at 2 + v 0 t => IS=+at 2 + v 0 t +s 0 I

: a=f (t) ~l.:t uLoj jl~u ,~,;,t ~I ( ~

a= ~: =f ( t) => J:
o

dv= f~ f (t )dt=g( t) => 1v=vo +g( t )1

ds
v=-=vo+g(t) =>

dt

Is=so+vo t+p( t )1

p ( t) = f~ g ( t) dttS

o
ds= f~ (vo+g( t ))dt => s=so+vo t+ f~ g( t )dt =>

: a=f( s) ~l.:t UlS.o jl~u ,~'i,r. ~I ( ~

vdv=ads=f (s )ds => fV vdv= fS f (s ) ds=g( s )
v 0 So

=>
2

g(s)

ds ~ 2V=-= v o+2g(s) =>
dt

rdt=r ds p(s)
o So ~V~+2g(s)

=> t=p( s) =>
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: a=f( v) J.&.t4~~ jl ~u ,~u.....L ~I (J

:~,I ~'J

fv dv ft--=g( v)= dt=t
V o f(v) to

dv dv
a=-=f(v) ~ --=dt ~

dt f ( v)

v=~=g-I(t) => ds=g-I(t)dt =>
dt

vdv fV vdv isvdv=ads=f( v )ds ~ -(-)=ds ~ -(-)=g( v)= ds=s-so ~
f v v 0 f v So

=> v=g-l(s-sO)=~ => fdt=f -Its) p(s) => t=p(s) ~
dt 0 So g s-s 0

( (:: ) ~G:- lSI.)"! J~

.(~ is"~ )"s~ ~l) jl r.r:-~.~~~~ ~ a r.r:-y~ ,? ~ ~r ~)~) ~4 a = - k 2 s ./1

~

2 2
v -Yo

t

f~ dt=t

ks....« o~~l sina=- ... '" '1
~~ ~~)Vo

k vocosada. -1[ kS)cosada=-ds => ds ,a=SIn-
Vo k vo

Vo
-cosada
k 1 . -1 [ k s ) . -1 [ kS) kSIn - ~ SIn - = t =>

k Vo Vo

Vo
s=--sinkt

k

ds
~ v=-=vocoskt

dt

a=s=-k 2s ==> s+k 2s=O => r 2+k 2=O ~ r=±ik ~~~~lSUb~..)

~ s=Acoskt+Bsinkt ~ s(O)=O=A , s(t)=k(-Asinkt+Bcoskt)

Vo
~ v(O)=vo=s(O)=Bk => B=T ~

(c ) ~l:> sl.)"!J~

.(~~ ~ o~.?~ ~l)) v rr:-~r~ ~ a~.r:- y~ ,~~ ~~ ~..r:-~ )~) ~4 a=-k 2 v ./\
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~=_k2[ S
k2S 0 + V O] ds

-k 2dt=>
k

2 => 2 =>
dt k SO+VO

s-
k 2

2
k SO+VO

S 2

Ln k 2
=-k 2t

k SO+VO v 0 -k 2 t
=> => S-

k
2 2 e =>-yo k

k 2

s

ds

_ k 2 rt dt =fv dv
Jo V o v

:(Plane curvilinear motion )~.)~ ~f~~y>

~.l) r.ju~<.S~o~~)~ ~~ ~ ~.rr" <.S~~~ ~ ~~~ )} ~))"! ~)~~ ~. )~ o)~ ~;>~ ~1 )~

.~~~

~)lS'~u~o~~_ ~l

~ uol> ~l.> )~ ~ 151c\,j1~1 u~ o~~ - '-:-'

~l.o..o ~ ~tg u~ ~~~ - ~

<.S~.? u~ o~~ - ~

.. t~ I.... t;;;..... ~.t

:.~JQJ U «0 " 0 ':>~J- ~,

(C) ~)~~.sr.~

f - Ar
(..Ja..w~ ~r) v av = -

At
r=xi+y j

Ar dr . ~ . ~ ~ ~
-=-=Xl+yl=V l+V J
At dt x Y

~-------xo "e..
I
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)~..::..........Ii.S)~;-! ~: )~;--!,.:u,~4\.S"'~~~ ~t cSl5-~ljl.~)bl) vy=Y, vx=x i.S~~~~Id.AJ,..~~ ~r'I.iJ

A JoUi.; )"! cblS .b.> ~ ~~~~ A ~ B c:\.bA.; ~t -7 0 oS lS~ ~l.> )~ (B ~ A ..blA.; )"! cb1.9 k» L\ r .J1~)"! lS~l)

.~~ ~I~~ )"! ~~ V lSl~ ~r )~~ ~I)"!~ .~~~ J.~ A ~ )'! u-u~ -b> ~ B ~

(~ .. ~~) a =~v
~ . av ~t

~v dv A A A A A A

a= lim -=-=v i+v j=xi+yj=a i+a j
~ t --7 0 ~t dt x Y x Y

.~~~ a y =y , a x =X lS~~ ~ ~I ~~ .9~ lSl)~ 15'~ ~~ .J1~~ ~.1~~

r ~~ o)~ ~ L>l~ ~l.:..:J )~)"! .~~~ ~.r~ ~ Lr'ko o)~ l51~~y--J )~)"! ~.~.~)Y 6 .J~0~

~~ l5l.Jb)~)"! 0 ~G ~~. .;I '~I)~ ~ ~I~'; lSI)"! .~~~ (Hodograph) W~~~ ~L;~ ~ ~.

J-o~ ~ ~ I) o~ ~.; lSl.Jb)~)"! L>~~l~ ~~cs" ~) I) (c)~ l5~) )"! 0..J~ ~r ~~ lalA.; ~r

J-Ol.Q:; )~.H~ L.r-:>.l )"! e-b lS k> 6 IR .~~~ o~L; W~~~ ~ ~1~ c,.•",.h~~~ ~. ~}0-!.~ ~~

~cs:"~ ,) lSl~ ~~ l5l:.-.,I) 45~~ k> ~ f..S..).:;> ~l.> )~ t6 J.Jb~~ uL.i '.J o)~ ~~ ~~ L51~ ~Ub~r

.~~~~.~

(C)

a L.i I _ •• ~ I~ ••
:~U~D~')

o.?~~~ L~~ e ~ r o~~~' ~L>Ub)~~ .r=rr ~1~ ~~~ J~ ~') jl~~ )~)"! o~~ ~.')~

.-J.j)~ ~ L.>~j ~~ 1:0 ,.~~~ J=-i ~.L5IA»~)"! ~.1

I I dr I dr IA de A • Adr =lxd8 ~ -= - e=-e =9 e
dt dr dt

IdSI=lXd9 ~ d9=1 dSI(_r)=d9 r=_er
d't d't d~

o~~-- ----- x
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o~~~. )b;-! ~ ;--f' .~)~ ~~.9 o,~~ u~ o~~.fb)~ 0 Loj ~~ ~)~')'! u~ ~~ <s'~ S;JS ~!J)

_~1 ~~~ . o..b' -I ~ ..: Le- cU~~,~ .....\ ~L OI&":"I~u~..~ - y!.) - ) ) u)· - ..) y-?~ .,.,...,

-~~~ 151~.9'j~r )~J"? & 01 )~ oS

:~)~ ~IJ"?~ .9 ro=Sk ~u~ o~~ y~ ~

.~w~ ~~ I) yb .9 ~r SUb~j-C Jb .~J...ol ~~~~ yl~ 0l.o..tb d$

v="f= :t (rf)=rr+ri =rr+r( S8)=if+( rS )8=v rr+v e8

'~~lS" Ive=rS I' Ivr=rI~u~ o~~ )~ .::..&.r- lSiJJ>6..iJ,..

a=V=v rr+v rf+v e8+v ee=rr+r(S8)+ (rS+re)8+rS( -Sf)

=> a=( r -rS 2)r+( re+2rS )8=arr+ae8

.~}!.lal,> !ae=re+2fsl, lar=r-rS 2
1 ~U~o~~)~yt...:,lSiJJ>6..iJy

: jl ~)~ y~ .9 ~r sUb)~J"? <s,~,~, u~ o~~ <S'J"?

v=rr+(re)e+ik => vr=r , ve=re, vz==i

a=(r-rS2)r+(re+2rS)8+zk => ar=r-rS 2
, ae=re+2rS , az=:i

: (Normal and tangentical coordinates) ~w J ~li u' «0;; 0 ~~~ ( ~

AB <.JW" J"b ==ds=pde

p: ~s~'t~

_ ds de -
v t =s=-= P -=pe

d't d't

Vt =V t t=pet ~k.o ~r )~)'!

0 ......---------- x
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~ 1-iJ~~~ ~..::>~ ~ o..bi;~. jI o)~ ~r ~ i ~~ ~lo...a ~ fi '~~ .;)~ ~.lSllb)jjo~,,:)~.I).::>

:~.).::> ~.l.i~ ~~~ m=8k o~.::>~.1).::>.~ ~I,.> '4--J~ u~~.1 ~=mx~ ~I)) as ~)j~ 0 lAj ~

I1=roxn=8kxn=8i ~ II1=-8i!

t=roxi=8kxt=8n ~ Ii=8n I

~ ~¥'~.1 ~~ ~li ~r o)~I.!1 ~ J.Jb'::>~ 0~ I) o)~ ~r o)~1~ ~Loj t} .a t y~ ~~ L5~~~ =, ~

.j~~'~

2
V t

~I ~.~ .::>~~ ~~ a n = - ~1))~.,1 o)~I~ ~~~ ~r~ ul~' jI ~L; an ,y~ Jlo}~~ =y~
p

..::>~ ~l~ ~ JLo} yL:..:;:, 1-iJ ~ .::>~ ~l,.> ~.~~ ~ 15~1 t~ ,~~ ~l) ..b:> ~. C-Sr ~.p' d.S

:(Spherical Coordinates) ("S.j.;Su~c)~J- J

z

~.

$
1\
R z

~
A

1\1 R
1\1 (P

R
R z

I\.

X
){ q>

A 1\1'r

A
J

A r--t.....--------y
I

e
r

1\r

x

~ o..bi;~. jI o)~ ~r ~ -s~ <p, 8, R o~.::>~.l ~ 15Ub)~~.~ (R,8,<p) ~~u~o~~ 0'!.I).::>

o~.::>· 1 .::>.~:. ~~ ~=mx~ et...bl '1u~· 1 -.Li b .....'. ·lA· ~~ 1-iJ ,~ ". -e.~ ~u-!. ) ~~. . ) ) 0-!. ~ ) ~ u ).. is"~ y-:.

:~.)b 1-iJ ,~4~ m=8k-<i>e

:~)'~ ~yb jI

kxR=lk IIRlsin ( {} )e=lxlsin( 90-<p)e=( cos<p)e

8xR=-<p
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j! ~ 1) r ~.~~ ~.1~~ ~~ 0~ o~~ 01 )~ ~.LS~)~~~ ~ I) o~~~.)~ ~ l5l&b)~~ u~~~ Lo

-<p ~; 4.: <p. R ~. ~~)~;: ~ r ~.)~~ ~.~Ij ~~ ~ ~lh.o .~ 0~ LS~;S u~ o~~ ~. l5~)~j!~

1t
:rt-!.)~ ~1~~ .~~~ -(T+<P) ~

r=cos ( -<p) R+<j> COs( - ~ -<p) =(cos o] R-( sin <p)<j> ~ Ie=-( ecos <p)R +( esin <p) <P I
~=&xq,=( 8f -<j>S) xtp==8kxq,-<j>Sx<p

kX<j>=1 kII <j>lsin (G)(-8 )=lxlxsin<p( -8 )=-( sin <p)8

Sxq,=R

I~=-( esin<p)8-<i>R I

R=RR

v=R=RR +RR=RR+R[( ecos<p)8+<i><j>]

~ v=R R+(R cosrp)88+R<i><p =V R R+vsS+V <p tp

~I~) 0.)}! ~'1,b J=J.) ~ .~~~ jV<p=R<i>! ~ IVe=(RCos<p)e=re! ~ IVR =Rj o~.) Lr..');:'~.r sLa,<IAJ,.. Lr..ly'~

.~~~ L5)~~'> Ub01 ~.'..>' jl ~~ SUbQjJto ~ ..b~yo

W~o~.) L£1a..i1~1 w~ O~.)
~)lS'.)W~O~.)

~~,~~ (~00l> ~l> ).)
<..S!j~U~O~.)

w~,~. L£l.A»b~
i ,J,k ii,t r,e,k R ,S, <P

x,y , Z p,8 r,8,z R, e, <p

i=o
fl=-St

f=S8 R=(9cos<p) 8+<p<j>

~L£l.A»b~w~ J=o t=8fi
8=-8r e=-( ecos<p)R +( esin<p)<j>

k=O k=O ~=-<pR-( 8sin<p)e

Vx=x vr=r-rS
2 VR =R

~r L£l.A>~}A vy=Y v t=p8 vs=r8 Va =( Rcos<p)S=r8
Vz=Z Vz=Z v <p =R<i>

ax=x 2 ar=r-rS
2 aR='"Vt

y~ L£l.A>~}A ay=Y an=-p as =re+ 2rS as='"
az=z at=vt az=z a <p =...

L£l~.,lj ~r L£l.A»~~ - ro=Sk ro=Sk ro=8k-<j>8
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(~~_V·)J~~

~1J"l' ~r"" ;-5'1 ....:;.........,1 20[ S~ ] r-lr. ~1J"l' J-S yl.....:. A ~)::> ),;L, I"K:..", ~IJA' ~ ~;> ~ LSI0r..b .r.:--o )::>

:4 ..:....,1 xix A <l.6i.i )::>~t~ ·~4. ~I)I ~L. )::> y;....,45 36 t} 4 .9 ..>...::,4 720 [ ~]

flJS~ (f 5300 m (f 2310 ill (r 4200 111 ('

v t =720[ ~ ]= :~~ [7]=200[ 7]
u ~,,),..;~ uLAj ~~ t; ~10:J;S ~) ~lJ 4~4~ ~L,):J r-o#36 ~r o)~l ~t} t6~~1)

at =Vt =1O[ s~ ] :~.)b ~ .9 ~~lS" ~I)I ~li J'::' y;.... :.~ =10 U ~ ~.r'

2 200 4

~ P = 300

(V~-VO)J~~

,:J~ J'y-J ao S~ a t ~~ ~t.-:;:,.Jl,~~ C-Sr ~ b~ R t~ ~ l5~.i.b;-::---A).:J ~ 4.91~r ~ ~~

~~~~ )~~ ~lS )~:J .s;~ ) ~ S ~ JSy~ )~

a 0 ~ 1+161t 2 (f 41t a ('i a 0 ~ 1+41t 2 (1 0 ('

I(,~~ a= fa 2 + a
2 = [V 2

J2+a 2
4.Y . '\j n t R 0

2=> v =4nRao

(VV - VA ) Jlw"~

.r-! 0 ~lJ ~ J~ ~ o:J;-S )~ P o~ ) OA ~ ..J:Scs" C-S.r b t~ ~ ~lJ ~ (.$10'y!,l.:J~ <..5.9) .x p~~ 0~

.~.)~1 ~:J~ I) P yL:..:::, ~ ~r ~4 ~lJ <P yfl ..J:Scs" 01..>~~ <P l51~.,lj ~r- 4~ 15~)

A. a p==2b<j>2Ii .9 vp =bq:>t ('

ap =4b<j>2ii , vp =2b<pt (r
a p ==b<j>2 fi .9 vp =bq:>t (f

a p = b <j> fi. .9 vP =b<j:>t (f
2
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(VY _ Vf)Jlw~

rl~LS~Lo~~~)I~.~~~?z=S, y=sinS, x=cosS ~.La.9~~1~1)~Y~li~.r'4l5~1o~

:4~1

v2
Y 2 cos S (f ~ (f Y 2 (r - ('

2

.~~~ ~I, t~ ~ LS1o.,j1~1 ~ LS'J ~ ~.)Lo~ ~. LS~Lo 4.ii~? ~ 1:0 ~~~ x 2 + Y2 =1 6S~~1 jl

v x =x =-esinS

vy=y=9cose => V=~v~+v~+v~=.J29=constant => 9=constant => ij=O

vz=z=e

.. s·2· Sa y =y=- SIn

a z = z = 8 = O

=> a= la2+a2+a2=e2=(~)2V x y z .J2
y 2

2

(V" _ VV ) Jlw~

dR ;..
:~ ..::.....,1 L5~L.o (n.s.e ) L5~;S':"La::..?...)~ ili=R (.l>l~) ~ )by. .}L.j~

( e sin <p) fp - ( e cos <p)R (r ( e cos <p)e+<P<P ('

( e sin <p)e-(<i> cos S) fp (f - (8sin <p) <P - ( e cos <p) R (,

.~~~ (') ~:J ~I~ J.:.9~)~ o~ ~I) J,~ ~ ~~ ~

(V, _ VY ) Jlw~

.~ 1~~~ 1 A l.-J~'~' .' ~ ~ ~. .« . ~1.>·1 ~ '1 ~ ~li ~ C B llbS-1. tU· 1 ." .,~ L..J' . J. J':>~ u-::AJ . p,---r ... u~ J ? J . - ..' c.S ~ ~ ~ .

ft ft
3.52 (r 72 ('

s s

13.5 f~ (1'
s

d
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y=~aBt2 :::::> 12=~aB(l)2:::::>aB=24[~~]=Y

z=!aet 2 :::::> 18=!ac(1)2 => ac=36[i~]=Z
2 2 s

0~) J~ =(d-x)+2( d-y-f)+( d-z)+constant

{

X+ 2Y+ Z= O => vA +2VB+VC=O

x+2y+z=O => aA+2aB+aC=O => aA=-2X24-36=-84[~~]=-7[Sf~]

XA

4
vB=-vACf

3

VB= 2 vA (\

~ ,~~~~~ R' ,Q' ,p' ..blA; ~.9 ~.9)~)'~ xA o)~' ~ R, Q, P..blA; ~.9)~)1~ x A o)'~, ~ A ~j.9 dS~~

xB=3 x A o)~1 ~B cL,j).91~.9 ~~~ ~')10~) J,.b) 3 x A oj1~' ~ J-o..c Ln'}')~ PP'=QQ'=RR'=xA dS <.S)~

:~.)1~ ~.l~~ ~1~ ~.4.

T-
24ft

-+-
5ft

A

o

\
\

\
\

\
\
B\ V=5[ft!s]

7-;'~

~.9 ~ 0 1h~ <.S~1 .9 o~~ 53 [ ft] J,.b ~ ~l.:..b lS~' ~ <.S'~).9

~r L~.J1.~' o~ <.S)~& ~j ~), 5 [ft] tlA:i) .J~~

)1".0- " 7 [ ft ] 0 jI..wl "'--! ~I 4S'lS"~ •.xS .::.S;> "-! b~ 5[ :t] ~~

:~ ~, ~,~ ~.;; ~).9 &J) )f~ ~r- .~, o~ ).9~ o}} .7!.)
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AB=x , OB=s

~I x=7
5x7

:~.)~ ~4 o~.? ~ l)x ~~~~ t..P}3 ~l

* * 5x 5x=> vs=vx=5x :::::::> v =:-'-

S ~242+X2

:~.)~ tiJ ,~4~ ~j~ :;;J) ~4 ~r ~ ~ (s) OB J,b ~l}l~r ~ ~))~ d$

35 _7[~]=1.4[~]
25 5 s s

(V" - "A )Jl.w'~

Sl o)~~.l..6...-J~ o~ ~ ~l ~1.9 ( ~l ),.b~) ~~~ ~t;~. ~j ~ ~~~yA l51~ .;1 m r~ ~ L5~lA LS10.J~

1
~l )p,~ olA ~)~ ~~ 151~) o)~ ~l ~ ~~ J:;>} ~j oyS~ ~~ "6 olA 0./~ y~ .Jl.~~~ tS~oj'~l

~~)~ L51~1) ~ Sl 4o~ ~ S2 ~l ~1.9 ~~ ~l:;~. )'!I.r.~~ 4

:~j~ ~ 0~) l51~ ~j'l0lAj u~

=> -h= ~lg1t2 => t=~:~1 2
y=-glt

2

...----81---......

r; X

x

z

rA

o

~ .~~ .. ,~ I:..: ~I OXYZ~~u~o~~.. ~.;- ~..r-::- cs:" .r-) ) .

~ Ja.> o~ 1_,·-~~ 0.J c:lJ Bxyz u~o~~
)T-- T ~ ~. ,..----. '"

A o)~ ~~ .~~ 01)~~ ill l51~~lj ~r 40~ ~Ja>.

~ f AlB )~.H ~ Bxyz 0l.>.r:u~ o~~ ~~

4OXYZ ~~ u~ o~~ ~~ ~k::..~~~ ~ ~ ~~~

:~)~ ~ ~Lb..o .~~~~ fA .J1~~

fA=fB+fA/B => fA=fB+fA/B
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.~ OXYZ ~li o~~ ~~ B ~ A 1,\.A.i~l5Ub~r ~;. ~ VB ~ VA oS V B == tB ~ VA =rA ~...> 1~ ~)o )

:~~~~ lJ-!.l)"!~.~L;~ B ~~ A eUaAi~~r ~ ~~~ 0L:::..; VAlB ~W ~ I) rAlB )l~)"!

IvA =VB +V AlB I~,~ lSl.Il>~r" <lk;l)

u)~0-!.I)~ ,~~ i ,J, k o~~ lJ-!.l ~ l5Ub)~)"! ~ (X, y, Z) 0l>r:u~o~~ ..>~ A ~u~ as~ J;,}

:~.)b
. . .

rA/B =x1+ yi+zk => I=A/B =V AlB =x1+ yJ+Zk+x1+ Y3+zk

~ 0 Loj ~~ 4~l~. l5Ub)~)"! l~ xS~ ,,))~~ Bxyzu~o~~ L.>~ eS~l ~.l ~b ~rji ,,)~ ~.~ Q.$ l51~

:) ~)~ u~ lJ-!.1 as ~)~ ~ 0lAj ~ ~ ~.1~~ ~ ~~~~

i=roxi

j=roxj

k=roxk

l50)~ c.J;»~ ~ 0l>r: o~~ 0~.f J:'} ~l1 ~ oS~l ~r )~)"! ~~)~ 5~~~ \iRe) =xi+y]+zk L.>\)~ 4S

) ~L; ( VReI) ~~. ~ .~1 ~.; ~~ l51)~ 0l>.R" o~~ ~~ A o)~ ~ ~r ~.1y!~ .~.\.s.o ~.)~ B ~ ~ A

~ 0L:>r: o~~ 01)~~ ) ~L; ( roxrA/B) 01~.~ ~;. ~ ~~~ o~ J:'} ~U L.>l>X o~~ ~~ A o..>~ ~?

:~.)~ ~ l5Ub~.r" ~l) ) tS~~ ~ .~~~ ~G o~~ ~

.~~~ o~L; B ~~ A d..bi.i~~~ aAlB =~ AlB ~4 ~l) )~ 4S

VA/B=VReI+OOxrA/B => aA/B=~A/B=~ReI+&XfA/B+roxtA/B

=~Rel +&X fA/B +rox (VReI +rox rA/B)

. . .
VReI =x1 +y3+ zk => ~ ReI =x1+yJ+zk+X1+yJ+zk

=a ReI +X( o>xi )+5'( o>x] )+z( roxk )=a ReI +o>x( xi+y]+zk )=a ReI +o>XV ReI

A o)~ c.J;> )~ 5 0l>r: o~~ 0~.f J:'} ~u 4oS ~l ~~ )~y! ~~)~ 5~4~ aReI =xi+yJ+zk 01 )~ d$

.~~~~ aAlB ~ 1,~yA <lk;1) )~ )'~ ~l) l5)~ lS4-- 4.~1~ ~~~ B ~~

aAlB =aReI + til X rAlB +ro X( ro Xf A/B)+ 2roxv ReI

l5Ub~ )~ 0\ J~ ~ ~l) ~ ~~~ o~L; ( Coriolis ) ~~.f y~ ac =200 x VReI ~~ ~)1)'4 ~1) )~ d$

.~ ~l,> o~b~:;; ~..>~ l5~
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IVAlB = VReI +o>xi'AlB I

fA/B =xi+ y J+zk

VRei =xi+ yJ+zk

aRei =xi+yJ+zk

(LSI~) LS~~~ ~.r u-:l~./y~ ~~ r~ 0~b 0L,j '-.S'y!

)~ I)~~ ~~ Bxy 0L>.r: ~ OXy ~t; u~o~~ .J~

o~ o~b 0~~ )~ I) A ~ P ~ y!~~~~ .~~is" P

t~ "-! l5~..r!.l~ ~ ~B "-!~P ~~ as ~~~)Q..i.J~

~U o~~)~ .~4~ ol~~ ~ ~ A 4i;~~ oj~ fA/B

~4~ ~l..o...c~ JLo) y~ ~~~~ LSI)~B ~ ~P~~~

o x

1

_ n 1 (rAlB (0) 2 2 1- (- - )1a p / B fA/B 00 = rox rox fA/B
fA/B

I - t I d ( ) . I"'=' - Ia PI B = dt rAIB ro = rAIB 00= roxrAIB

~ "-! A ~) oox (WXfA/B) )~~~ ·~4~ a ~/B ~ ~ ~ to ~)~, AB;-! ~~ OlX fA/B )j~~

LSl.Jb)~~~ ,l.Jbo)~1~~.;~ a ~/B , a ~/B )~.H~ ~ l.Jbo)..L.i1 ~I~~ ·~4~ a~/B ~)j ~ .9 B

·~4~ 0~ OlX fA/B , ro x ( roXfA/B)

a~/B=OOX( 00 XfA/B)

- t ...=.-
a P/B =oox r AlB

aA =aB +aRei +OlX TA/B + OOX ( rox f AlB) +200 X VRei

a A =aB +a ReI +a~/B +a ~/B +200 XVReI => a A =a B+a ReI+a P/B +200 X vRei

=> aA=ap+aRel+ 2ffi x vRei => aA/P=aA-ap=aReI+2ro x vRei

aA/P) -aA/P) =(aReI+2roxv ReI)-aReI=2& XVReI=aC
wl>.r: o~~ wl>;:: .r.f:. o~~
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'1 'I.-Jl::..-:,. lu ~(~L .... l.> u~l~~~ "·le:U..o~A~ I ~L .l.> u~) ~. o-: ~ .~~ u r:; .. . <..r c..s'~.~ U .r:;

.~,..:,~ l5~0 )~l 01.>.r::-;4.- ~ 0l.:>~ o~~

~~ etLo~ )~ P t.Lbji; 0~ ~ ~~~~~~ ~. ~ Bxy o~~ ~~ ~b~ o~~ J-:>.r: as:X.1 (.,51~

a..S A ~~ l5~~ ~ ./1 Jl.> .~I..sO 01)~~ o~~ ~ ~ o~~ ~l~)~~ ~~ ~ ~~ ~J I$.,f ,~)~)} B ~~

L:':~ ~ oS "Il.> 1 p~~~~. 1 ·I.-Jb· ~ ... ci-~ L:..: ~~~ ~l ~ ·1;--w )~. ~ cs"" l5 .x .. L;!. ~. ~ ~ r.r-) .. c- ~. ~ 0'!. ~

~ ~~ 0~ ~~) l51.x .~~~ ~~..?~~ 6.AJ~ r~)~ J)l:>I0-!J 4S ~)~ ~~~ u~l.A; ,~4 0l>~ d- 40l:>.r::-

.~~ r:)a..o 1) <s1~ r~LS:..o ~ ~ .b~r J~

o~~ ~l .~is"~ 01~ 1) A 2 X Yu~ o~~ ~ ~.~~~ )~ 2~~ c91~ 1) B 2 ~ A 2 ~ ~~~

.¥r:; JJbl,>z )~ J,:> 0)2 151~~lj ~r 4

~~ A 2 X Y o~~ ~~ A 2 ~~ B 2 ~~b ~ ~r ~)~ )}~~~ <S~) B 2 ~ A 2 d.6i.; ~~ 0~

'~~1..sO o~L.,.x,j u)~~ ~4 ~l) l~ ~ aRel =VRel =0 ~..Jl~ l~ ~ ~~ ~l~~ ~~~}

aB z =aA z +0>2 X i'Bz/A z + 0>2 X ( 0>2 X i'Bz/AJ ::> IaB z =aA z+a~z/Az +a~2/Azl

B2~ A 2 ~ ~~ ~~;S o~~ ~ ),b0~ '~~)r..so)tS ~ i)yS:.o ~ ~~ ~~~ I.f)~ .Y~ t6 ~l ~.~1 ~l) L9,,9 ~l)

~ ~)~ ~ ~r~ ~~ ~1 ~ ~l~ k> l5~I))~ l~ J-.i~~ ~~} ~ )~~ ~ ~ ~l~)}~ ~~ <.S~) d$

cLb.A; ~~ ~l ~ ~l~ k> l5~I) )~ ~ ~~ ~1~ ~r 01)~~ ) ~~.? ~~) ~~~~ ~~.} ~~ ~J.x~

.(~.1~ ~~~

:&!.)~ ~ ~~~ 2 ~)~ J>b)~ o~.;J~. d$ 3·~~ ~ A 3 ~ 4S ~~~ ~)~ 1) A 2 ~ A 3 etb.A.; ~~ Jl.>
fA

3fA 2
=0

aA =aA +aRel+ 0l 2 X fA fA +ffi2X(ffi 2 X fA fA )+2ffi 2 X VRel => aA =aA +aRel+ 2 OO 2 XVR e l3 2 32 32 3 2

~1~~~~ aRel~ VRel~o~~~I~~I) A3~~~~~r~~ d:'}~~l) A2xyo~~./1

a..S ~l ~~ )1~.H aRel =aA
3fA 2

~ ~4~~~)~~~ <..r~ as ~1 ~r )~~ Vrel=V A
3

/ A
2

4S
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~~)~~ jl A 3 ~~r~ oS~~I)1 ~~~ a~3/A2 ~ a~3/A2 JLo.; ~ ~Lo...o d.iJ~ ~~ (.,5')~

.~~ ~I,>- )~ ~ ~~ ~ a~ /A ~)~)"! ~l..o-.c a~ /A 1~ ~is"~
3 2 3 2

~:, ~
.~~ ..,

IaA 3 =aA 2 +a~3/A2 +atA3/A2 +a~3/A21

.~~~ ~.~} ~ )~~ ~ ~~ c:\.bi.; ~~ ~I oS I.r:;-~ VA
3/A 2
~~r 151)~)~ <..St.-t'..»~ A 2 ~ A3 c:lb.A; ~~

~I ~.1 ~I c:)a..o 4-~1 oS ~I~ .~~~ o~L; ~~..fy~ oS,~.1~ ~~~ ~~ r';~ ~r )~)"! 0-!.1 0'..>.9~ )

.~cs" ~)~ I) y~ 0~1 ~~~ 15Ub~~) ~~ ~I ~))"! 151~ .~.w~ y~ ~~.t ~~r ,.))'~ ~.A- d5

-- L\v 1".-' I ..... -- 1· L\va =- (15~ '-'~) a= Iffl
av L\t ~ . dt~O L\t

-- L\vI',. , I..... -- 1· L\va =- ( .~ '-'~ ) a= nn
av L\t ~ c.S • d t~O L\t

,~1~ ~~~~ L\v A]/A
2
)~~ VA

3/A 2
01)~~ ~ VA

3/A 2
o)~l~·;l)~ oS ~~~)~ o~;S~ ~)jA ~~,; 4~'y!~

.~)~1~ ~~~~ ~~.? y~ rU~ LS'!~ ~~ oS

(VV-VA)J~ ~

/AI'------- X

~r ~~ .~I o~ o~b 0L:..; t~ )~ B ~ A "blii ~r .~1 ~r Jl> .J~ ~1~ LS,)AB ~

Y~l [~] ~A
-12.6 ('

6.6 (~

12.6 (,

14.7 (~.... A A
'i=-2I+Vy.J[m/sl

A
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f" 13"=( -2--00) I+(v +-foo) J =>
2 y 2

" " 13 " f" - "
fB/A =( fcos30)1+( fsin30)J=-fl+-J , 8=ooK

2 2

" " " " " 13" f" " "f3 "f"31+6J =-21+v yJ+ooK X(-2- f l+2J) =-21+v y J+2f coJ -2001

3=-2-~OO ~ foo=-10
2

vy+ f[ £0)=6 => V y =6+10( ~)=6+5.J3O=14.7[ 7]

" AB
I~ ,~4 y.ly. ~ 4~4<S" VB)AB , VA)AB ~,..,~ o~4<S" AB st....I))~ ~)~)'! 0l..o..:b AAB =1 ABI ')/4 ~I,) 45'

:rt-!.)~~. ~1 AB~ 0~J-! ~ J).G.. d:'} ~.l4S~ ~l~ O~~ ~,~1 ~lt>~ AB~ u)~~J ~)~ 4S

=> -.J3+2= 3.J3 +3 => vy =6+S.J3O=1407[m]

2 2 s

.L .L

:~)~~~ VB)AB ,VA)AB ~.f~AB~~~LS~I))~I.J vB ,VA ~r~UbQ.jJ~.}1

.L .L

:~)~ ,~~ aB)AB , aA)AB ~..f ~ ~ AB ~ ~~ LS~I) .J~ aB , aA y~ ~UbQ.jJ~ .}l
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o

l~~ )~ o)~ ,~~ ~)~ rn ~r:- ~ 15'O)~ ~ F 15~~ yf' ~~ u)~ ~

.a=F L~' 'aS~·~ ~. ~ ~ ..~~ '-S"!rn

)~ c-9'~ j;l.i ~~ j1 ~.~)} o)~ ~~ Axyu~o~~)~'p1 Jl:>

o)~~.t;-! O~)~ 15Ub~~ ~ ~4~'~ ,~~~ uSl-J o)~ o~~ ~I

~)~ I) rna ~~.l15~~ ,Ub~~ J~L,u ~1 ~~ 151~ ~,),l~ ~~ ~

o)~ L.>~ .(~I o~ o~b L.>~~.b.> 4~ J~) ~~ ~)~ o)~ ~ F~

:~.)~ ~J~~ .~I ~ x )~~ )~ Ub~~ ~ ~I J~L..; Jl..:> )~

F-ma=O => F=rna

~. ~ ~~.~ d-lLo ~.w J~I~;> Jl.»~ o)~ ~ ~~ ~)~ I) rna ~r-!.l15~~../1 ~~I~~' ~I.b.o ~1y!~

..,l;...ol.i~ ~~, ~ J~L,u I) ~L., J~L,u ~I .~~ ~,~ ~ o)~ )-! ~)~ lJb~~ ~ ~ o~ ~.~ ~~, e:ULo

:~~~ L.>~)-!.j u)~~ d)l.)~ u~ o~~)~ :}'~ ~~~ LJ~~

'LFr =mar =m(r-feZ)
IFe=mae =rn(2r8+re)

IFz =maz =rnz

(VO - V,,)J~ ~

Jl o~4 ~ Ubt~ ~ s~, ~~ (~~~) ·~4~ e~ l5')~ o~~ ,~~~ R t.t.....::J ~ ~ ~)~ ~~, ~

~~')~ ~)~r ~4. ~ ~~ ),b ~ ~~, 15'.r! ~,;' ~r~ .~,

1

[
g R (cose-~Sine)] 2('f

cos S+Jlsln e

1

[
g R (sin 8 - Jlcos 8)]"2 (f

cos 8+ Jlsin 8

R

1

[
g R (sin 8 + Jlcos 8)]"2 (r

cos s -ji.sin e

1

[
g R (sin 8+Jlcose)] 2

. ('
sin 8+Jlcos8
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:~~~~ )"!.j ~l.> ~~ ~ I) cU~

~~1)~ ~)~r ~4. ~ ~~ ),b~ cU0-!.1 <.S1~ ~';1 ~r~(~I

~~I)~ ~)~r \'~ ~ ~4- ),b~ aS~1 <.SI~ ~';I ~r ~j5l.o (y

.~~~ \'~~ ~ Ff S~I c..S~~ ~ I~ .~)~ ~) 0:-!.4. ~ ~.l.o.J ~ ~l.> ~J )~ (~1 :cJ~ j>

.~~~ )'!.j u )~~ m r-r:- ~ ~).9 1511b~~ ~'jl rl.1~.~

m 2
.~I o~ ~~I ("·:l:.-Jl~ J~~ o~ ~ I ~ «: - ~ _v_ '~Q~•• ' ~.\'I~ I-I ~.t_•••~ . .9 ).9 r~ .~~ ) R ~':;.J •• ./. u- ~

N

mgsinf
,,,

)tugcos8
.",

'".".

lUg

2
nlV
R

mv 2

=> JlN-mg sin S+--cos 8=0
R

:=:} ~(gCOS9+;sin 9)-mg sin 8 + m;2 cos8=O :=:}

_ Ig R (sin S- Jl cos8)
=> V= vmin - '\/

~ usin S+cos 8

2

~ (Jlsin S+ cos 8) =g (sin e- Jlcos S)
R

.~~~ (r) ~.~ yl~ III

·~4~ 0-::-!.4.~ ~ Ff S~I c..S.9~ ~ ~)b ~) \'~ ~ ~W~ 0~ ~b ~.I)~ (~ :cJ~ j>

y2
=> -JlN-mgsin8+m-cos8=0

R

my2
=> N-mgcosS---sin8=0 =>

R

2

~(cosS-usin 8) =g (sin S+ ucos S)
R

_ _ /gR(sinS+JlcosS)
=> v- vmax -'\/

~ cos S-usin 8
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( df ~L; ~.~~4- )~ F t.S!)~ ~~ o~ ~~l )l5" ) dW =F .df

J2 J2 -+

()lS JS) W= 1 dW= 1 F.dr

F=Fx i+Fy J+Fz k

r=xi+yi+zk ~ dr=dxi+dYJ+dzk

~ W=Jl2 (Fx dx +Fy dy +Fz dz )

z

(C)

x

t-------'·\IV~.I\r------... X Fx =- k X
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y

Y1 ---- mg

~'2 ---- mg

m

Fy=-mg

(0j~ lS~.r--i;lS") Wg= f2 Fydy=r2(-mg)dy=!-mg( Y2- ydl
YI YI

(~j j5"r jl r .u.o19 )':;~ lSI.)! J-il}' lS~.r--i ) F=mgr =~
r .

(~j~ ~':;-;)':;~lSl.)!J-iI}'lS~.r--i)F=mgo=~ => kM=R 2go
R

.~~~ ~j?yA jI r o.L,lj)~ ~ ~j~ ~~y.;)~ ~~~ y~~; ~ gr ,go ':J~ ~l~))~

=> gr=~=R::o=lgo( ~ rl => p=mgrr=mgo(~)\

_ffZ - - Jfz mg oR
2

_ 2[ l]f Z
_ [[-m

g oR
2]·[

m
g oR2]]

W- F .dr =- dr--mgoR -- - - -
f l r l r 2 r r r2 rl

I

~4il)l5' u)~~l)~ ~~ V )~l ~l; ~ J.ol5' ~IA~ ~ u)~~ dW=F.dr ~L; ~.~~l.::-)~F <'s!j~)l5' }'l

~ l~l ..b~)~ V ~L; )~ ~..b.A3 ~ ~)~~~~~ F tS~~ ~l; ~ t6 tSlo)~ ~.r~ ~ F LS'~ ~,; o~

.~.L; 1:l:J l; 1 V l;.~ l~ e- .... IA":1is"~ ... ~ ) ~ ) l$'--:~tS~

dW=P.dr=-dV => w=f12p.dr=-f12 dV=-(v2-vd

.~~~~~ )"!.j~~. ~I'; J-il}' ~ 0j~ ,? <.sUb~~ )l5' ~ ~~ ~'.J ~l.AA 4
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'0j, c.S,~..L.;.,jLa .~)~~~?~~ lJb01)l5'~~ ~.lJb,~:( Conservative) )~.4. ~ ~.~I c.S~'~ - &....iJ1

~I.! c.S'~ ,;.9 tS~~

c.S'~ :..L.;.,jLa ,~)~~~r ~ ~ lJb01)l5'~~ ~.lJb,~ :( Non conservative) )~4L; ~ ~~l~ 15~'~ - y

S~l

F=Fx i+Fy J+Fz k

r=x i + yJ+zk ~ d r=dx i +dy J+dzk ~

--+ --+ ev av av
dW=F.dr=Fx dx+F dy+Fz dz=-dV=--"dx--dy--dz

y ax ay az

~

i j k

--+ --+ --+ --+ - a a a --+

curIF=VxF=-VxVV=- - =0
ax ay az

av av av

ax ay az

·~4~ ,~ 01J.f ss ~l 01~4 )~.4. ,~ .s, -s0 1c.S1.)"! ~lS ,~j'J ..b~

.~ )~4. ~l; slJbo.AJ~ 4~,~:~

u~ ~ ( 2) ~~ ~ (1,1, 1) u~ ~ ( 1 ) ~}'O j1 Oy~ , o~ ~), c.Slo)'~ ~ F=2i+2J+k[ N] 15'~ :J~

.~~ l),~ ~l ~ .b~yo ~~. ~t; , F c.S,~)l5' ~cs" ;:.Sr{2, 2 , 2)

F =-~=2 =>
x ax

F = -av =2 =>
Y ay

F =_av =1 =>
Z az

av
-=-2 =>
ax

av=-2=~
ay ay

av =-1=~
az az

V=-2x+f( y,z)

~=-2 =>
ay

~=-1=~
az az

f=-2y+h( x)

=> h=-z+c

=> f=-2y-z+c => V=-2x-2y-z+c

W=-(V2 -Vl)=-[ (-2x2-2x2-1+c)-( -2xl-2xl-l+c )J=5[N.m]=5[1]

~)l> c.SlJb,~ ..6-.,,:; o~ r~l)l5' j) W =W C ()~4. c.SlJb,~ )lS) + W D.C. ()~4~ s,~ ..>\5 )
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f2F- d- f2 - d-w= 1 . r= 1 rna. r

r=xi+ yJ+zk ~ dr=dxi+dy J+dzk

v=xi+ yJ+zk

a=xi+yJ+zk ~ a.dr=xdx+ydy+zdz => w= fX 2 m x d x + f Y 2 myd y + f Z 2
m z d z

Xl YI ZI

{

Xd X= Xd X

ydy=ydy

zdz=zdz

(
. 2 . 2 . 2) 2 (.2.2.2)rn x 2 + Y2+ z 2 - m x 1 + Y1 + z 1

2

=> W =L\ T= We + W D.C. =-L\ V +w D.C. => W n.c. =L\ T+Ll V =L\( T+ V) =L\E

=> I W D.C. (}:;..·~4 ~ 15lJz,~~ )lS' ) =.6.E I
.~L; (E) <::ts:..a,~"··11 I:~ _~,~••• ·1~~
~ ~ 1,.;J).r.J~ ... .9 ~---.--. I..::').Y ~.--

\Sj.rJl ~~ u)~ ~.9 -L,j~~ ~lJ ~ts:..a \Sj}'.9 ~~~~~ \Sj}' u,~ ,~~~ )~.4.~ S~.9~ )l) .!'
.~b~'9-~~~

- _ d v d _ dG .;
F=ma=rn-=-(mv)=-=G

dt dt dt

~ .::.S~ o)...l..il (Linear momentum) = !a=m vi
- dG - - ft., - r - - - -
F=-=>Fdt=dG~ -Fdt= ~~~(LinearImpulse)=1 dG=G2-Gl=~G

dttl

F
B

Linear Im pulse.e Area e Ar.l
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)1y-9..r. ~I) ~T):J ~ ~? ojl...G1 ~~ ~4~ ~\) ~):J ~.)6:- ~~J~ ~.f\:~':'s.J> Djl..)jlcS~ u,.;li
•..l,;~~ ~t; ~\.) 0T ):J~~..r- oj\..l,;\ )~ ~ ~ ~\

F=G =0 7-> G =constant

Mo = r x F= r XI11a = ln ( rx~)

d (_ _) .: _ _ .; _ ~ ~ .; - d (_ _) d (_ _)
- r x v =rxv+rxv=vxv+r Xv~Mo=ln- r x v =- r xrn v
dt dt dt

d (- -) d A0: I - ..:. I=dt rxG =~ =H{) => M{)=H o

o~ J~ LSI'\l.~lj c..Sr o)J-j1 ( Angular momentum) =H 0 =rxG

~~~ ~G~ ~. J,....=> o)~ ~. ~ ~)~ c..?")l> LS~~y:.-i LS~)~~ ~ .JI :cSl~,I) .:.S .J> Djl..)jl ~~ u,;li

.~b ~I~ ~ ~ 01Jj> LSl'\l.~lj ~r ojlJ-jI~. ~ o~~ ~~ 01J~ LSI~~lj ~.r ojl~1 u,~

M0 = (5 7-> H0 7-> H0 =constant

G=mv Ho=rxG

Linear momenmtum Angular momentum

F=G Mo=H o

t Fdt=dG 12
Modt=dH o

t 1 t 1

Linear Impulse Angular Impulse
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o .t 't CD to ~
II 'r tv l;
-~~ ~ ~~~,

><"I1 t 1. - c '[
a-; 1 ~~~L
II t, c- ('- >< .

~(1 $11~.
I ~ ~ ~ .r- ~ ~
0:>< f CDr~~:>< II - _, & ~

'-" 0 ~ c. y. c
~ ~< ~ -I ~ .:t

.t (: I ~, ~ c, ~
1. ~ '" £= f ~

f -< ~. ~- f:
~ ~ -, ~ 0 ~l>
c- r· ~ t.. -< f-: c-

l ?to r tv ~ ~.: ~ 1: t ~ c- v·- ""'"'" ,. L.~ tz: N $ """':'"1 ... (: -< c· .t,

: V .. ~- E~\J= !:.sn :': ~:.,t. ~ ,f-_
~ V I \ I I .~ _~) :r'
V \ / -: ~ ~ .C-
~ ~ \ I ~&" ~
~ \ I . f:- f-:
~. t \ / r,. ~' t. ~
c- V \ I .C- l C\ C\
t. C\ r:y-'\ C\ 0 ~
fi \ It. J V - ~ :

t J- ~ ~ ~- ~
: I \ ~ .'!- c- ~.

.. I \ y. Y
-a ~ :. I \ L.~l
:1. ~: : I \ .t, ~
~- I \ ~.~.
c- ro. t.. I \ - v· -

"t c- I \ ~~ L:'. () I \ Co

~ f,' \ . '& 'f ~,
~ c, ~ I \ ~~f: f
.F r 00 • ~,' \ &" ~l>
~ c- .:'/ 1 ~.-<c, - <f 't. 0-" ...... :;...... f; t $. N

l ~ b fi N ': ~ ..-i 1. V ~ ~

1~ ~ c, - r: 1 CDI ICD G. '- :R..5-.t. -1.: N·I t"-l" & c-
~'-:'L. :.~ I I ~_. ~~

.t .t ~ 'e. ~ ~ t. l~ &" (
't. 1. ~ ~.~ C', (t'.~: : "0
~ L. r: (). li;. &" ~ ~ 1c- .t, V\ St· :c- ~ ;>< l ~

l l' f f ~~ f.,. 'V. ~,.~ II·
~ - ~-v ~~ ~N

~ ~ c, ~ ~ ~ ~ .C- ~ II

J~J~~ ~\F r'l~E ~~
~ ~ ( v V N' •

V V ~ t:..t " G.. '" ~
Ci..... c. &""' v ~ ~ f -< ~v· ~ I; f ~ ~ ~- -, ~ •~
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~. S-:; sIr ~~ ~I) .~ .))~;-!)I~ ~ ~ UbX )~ l5~I) ).)~~;> 0 )I~I ~;; ~ GX)2 ~ Gx)I~} ~.:::> d5

.~~~ ~,.; ;-!.j~)~~ ~1rl

V~ )1 =v x )1 (1)

v: )2 =vx )2 (2)

)I H ~~ ;-!.)~ l5l:-JI) )~ ~r ~~.) ~ ~~I ~r- l5Ub~~ ~.; ~ VX)2 = V2 eas82 ~ vX)1 = VI easel 0\ ~~ dS

)I~ ~~ ;-!.)~ l5l:-JI) )~ ~r ~~.) ~ ~~I ~r l5Ub~~ ~). ~ v:)2 =v; eas8; ~ V~)1 =vi easei ~ ~~~;-!

~ ~~~ ~Irl S,:j .s: l51)"! ~~;-!.)~ l5~I)).) ~Irl ~r ~~ ~Irl.))~;-!).) ~..) U)~ ~ .~~~ ~~~;-!

·~4~ ~~ .))~)"!jl~ ~ ~

:~~ ~~'J,)J u~~W

~ ~~.) ~y--:::- u ~~~ ~I~ ~ ~ L,),.;l3~ tU~~ ~)~ ~.~. ~ I) Fy l5~~ rr:- ~~ (y )~) ~~ S~1.J).)

.~~~~ J)G..).) ~ )"!I)"! ~~ .))~ ~~~ ~ J~I ~y:::; oS l5~~ ~ ~~~..>'~ J~I

ffilvi sin8i +ffilVl sin81-ffi2V; sin 8; -m2v2 sin 82 =0 =>

-ffilvl sin 81+ ffi2v2 sin 82 =-m2v; sin8; +ffilVi sin8i (3) ~~ <.S~I)).) rr:- ~.) d..C~ lSl~ ~ ~r ojl~1 \S~ 0";1.9

~~I)~ u)~ ~ .))~;-!)I ~ ~~ l5~I))~ ~r ~~ ~ l5Ub~;> o)l~1~ U)~ ~ ~)'4 u..>~)~

.~~~ ~)~ )"! )I~ ~~ l5~I) )~ ~r; ~~~ l5lJb~y> 0 jl~1

.~.1 ~~~ ~L....a w'1~ ~w l:;~.)~~ I) ~~~ ~,.; ~~ l5~I) )~ oS ~~~ ~..r>1 ~.~~ Jl>

V2 sin 82 ~ vI sin 81 l5Ub~r L ~.; ~ ~~ l5l:-JI) ).) dS~~ ID2 ~ ffil ~r ~.) ~ d}

~ o~~~ )~~ ~r~.) ~l:;,s L,)Loj w~ l51)"!~~ ~~~ ~~ ~ ~ ~~ ~~} ~ ~

.~)"! ~~ ~.flo ~ l:;~~~ ~.~} ~ ~ )~0\ ~~ ~~

- *
~ jl o)~~~ ~~ ~l)l ~. ~r:- ~.) ~~ (~L;~ ~~ ~).) ~r I}I dS) v ~~ ~I).) ~~~y--J yfl

~.) U'"'~ jU\ 0-..1.>yo .~~~ )~.) ~ )I -v; sin 8; ~ vi sin 81 <SUb~.r" ~ ~ ~~~ I~.~ )I ~.~ ~ ~~~ )~~ ~~

LbyA» I) ~~.9~ ~.l~ jU\ l:; ~Irl ~~ ~.flo ~yo ~«~~ eU>yA» I) rly:::;1~~~11o l; ~r;

~.Laj\ s.....s ~ ~ ~)~~o~ .))~)"! ~1r;1 ~ ~ dS o~ ~)~)"! rr;~.) l51)'! ~j4 ~~ .~L;~« e-:::Sj4

.~~ ~rU.)!.j u)~ ~ I) ~~~~
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~j4 bye)~ ~.rC

~~bye)~~.rC

~j4eli>ye )~ ~.rC L5~1) )~ ~ .::..S.r 0 jI..~1 ul~

~~~ )~ ~.rC L5~I) )~ ~ .::..S.r ojl.).jl ul~

r:restitution (~j~)

d: deformation (~~)

e
mlvi sin 8i -illl v*

m.v" -(-mlvl sin8l)

vi sin8i -v*
e

v*+ VI sin 81

V; sin 8; +v*

-v* +v2sin82

(vi sin 8i - v*) + (v; sin 8; + v*)
~ e

(v* + vI sin 8t}+(-v* +v2 sin 82)

vi sin 8i + v; sin 8;

vI sin 81 + v2 sin 82

.)),>~)I ~ ~~ l.S~I)).) ry:::; ,.)~~r

.)),>~)I ~ ~~ l.S~I)).) ry:::; ,.)~~r

(4)

L, ~-> AJb ·~I ·~Ub~ o·I~1 ~~ Ub·l . ,t"'Ub~ ~:. ~ L ~~., AJb Q..J ~ ~ ·~I ~ ~L ~I~ I_l> Q..J
• -~. l>r"- r 'U - r) ~.-- u ~ ~ r ~), .. .. r l>r"- • ~F· 'r ... .F .

.~~ ~I~ ;s.:::~ ~r ojl~1 c..S~ ;S)j-! ~r ojl~1 ~lA; Ub01~~r~ C-.Sy> ~

:~)~ ,~~ ~~ ~j, ~r:- ~. ~,~ ~r:-~o~ ~)~~ ~Ir:-I jl~. yfl

-ubl~ ~~ (3) .1J~L....c, ~~~ La) b (2) .1J~L....c u)~~.1)~ .~~ ~I~ 8i , vi e:UL..o u~~ ~ u)~~I)~

v~)l =vX)l :~)~ I) ~.j e:U~L....c,~ ~ u)~~I)~ ,~~

vi sin 8i
e

vI sin 81

:~~~

:jl~)~ e:U~L....c ~I as ~~ ~ ~~ c..S~I))~ e:U~L....c,~ .~~~ ~,.; e:U~L....c)~ ~ ~l> )~ uly~ ~)~~ .~~)~

.xS~~. ~~ ~ ~~ c..S~I) )~ J,I ~r:- ~.r c1AJ;.o ('

.xS~~. ~~ ~ ~~ c..S~I) )~ ~,~ ~r:- ~.r c1AJ;.o (r

:jl~)~ ~~~ ~,.; ~~ c..S~I) )~ as ~.~ .tJ~Lt..a ,~ ,

)~ ~r:- ,~ u~~ c..SUb~y> 0jl~1 ~) ~~ c..S~I) )~ o~ ~)~~ ~r:- ,~ ~~ ~y> 0jl~1 <.S~ 0";\.9 (f

.(~I ~I~ ~)~~ jl~ ~~ c..S~I) )~ ~r:- ,~ ~~~ c..SUbC-.Sy> 0jl~1~ ~ ~)~~ jl~ ~~ <.Sl.:.-JI)

~~ c..S~I))~ ~r:-,~ ~ ~r ~ ~)~~ jl~ ~~ c..S~I))~ rr:-,~ ~ ~r~ ~ ~I ~I~ ~j~ ~~ ('f

.~),>y? jl~

.~~~ ~lS" )'!.j e:U~L....c ,~ ~ e:U~L....c )~ ~I ,~~ ~~ ~.j, ~r:- ~ ~,~ ~r:- ./1 ~l> ~b )~

.xS~~~~ ~ ~~ c..S~I) )~ S~ ~r:- ~.r c:liJ~ ('

~~ c..S~I))~S~ ~r:- ~r ~ ~)~~ jl~ ~~ c..St.-.,I))~ Syc;-o rr:- ~r~ 4~I ~I~ .-, ....fj~ ~~ (r

.~),>y? jl~
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("V - "A) JLM~

~)P)"? 15),..b v2 , VI ~,I15Ub~~ ~'15'~~.r:- ~ ~1 ~~,~

~~~,~~I)~~ '~?yA6 ~15') V2 ~r~ 6 ~~

.~),> )"? jl~ 2 ~~~ ,~~ ~~. ~lS' ~),>)"? .}I .~~~

.~~~y)~ ~)~ ('

.~~~x)~~)~ (,

.~~~ y )~ ~ ~)~ 30 ~.,Ij ~ )~ (f

.~~~ e = 1~j~ ~.~ 01)~ 6 ~115~)'>)"? J..olS' ~~I ~),>)"? 

) ~o~ ~)P)"? ~I.r-=:-I ~~ o....S~lA j) ~~~ e = 0~j~ ~.~ 01)~ 6 ~I 15~)'>)"? J..olS'~~ ~),>)"? 

.(~~~ c:yho ~~~ 0~. ~),> )"?~)~ ~),> )"?

~.,~~~I15~~o)~~j~~~ -

:~.~~ ~)~ I) )'!.j ~l.>,~ I:J .~)~ 15~~ ~ j~ ~~~, ~~ (') ~.jf yl~ 6 ~)~ ~ ~

v2 =0 (~l

vi cos 81+ v; cos 8; 0
e "* =>

vI cos30+ v2

J3 , 8' , 8' J3 , 8'=> -vI -v2 =-vI cos I +v2 cos 2 => -VI -v2 =-vI cos I
2 2
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~~ (f) ~jf ~I~ J.-J)~P ~ IJJ .~I o~ J~ 8; 0~ ~~~ I) 8; 01';~~,~ ~ ~b u'i~L...o) ~,

a...S ~~ 0~ v2 , vI L5Ub~~~~ ~.~~ ~j~ ~.~ t6 ~~~ )~ (I) , (III) u'i~L...o ~.1.A.o ~ ~ )~

.~~~ )~ 0-!.1 L,)

8; =0 (~

~I~ ~j~~.~~~ lJbyl~ t6lx .~I;~ (WJI) ~~ (y) ~b t~~ t6 J.-J)~ P ~ ~.~ j;bJ ~

vi cos O] +V; (J3 Je ~ vi cos O] +V; =e -2 VI +v2 (1)
VI cos30+ V2

, -I [ 2VI J' 2 [J3(e-1) ( e + 1) J2=> 91 =tan J3 ' VI = (O.5vd + VI + - v2
3(e-1)vI +2(e+1)v2 4 2

(~I) ~l> L5Ubyl~ ~ e UOL>)~ ~ L51) ~ (~) ~l> L51~ o~1 ~~~ L5lJbyl~ .~~~ (') ~.jf yl~ 0-!.I~~

.~~~J!.~

(VY - Vf) Jl.vJ~

~('

0.75 (f

~(r

0.5 (f

01~ ~)~ o~ o~b L5Ub~}'O ~ VA ~~ ~A o)~, ~LtB o)~

X)~ ~I~I)~ UB=VO ~ x1x B o)~~.r ~),>~) ~ .~~~ ~~y;

~.~ ~)p~ ~I)~ .~I 45° .HI~ x)~ ~ A o)~ ~r )~~ ~~Ij,

:~ ~1 xl~ (coefficient of restitution) ~j~

UA .os 45°- V0 =0 => ~ UA = V0 :~.r':' .)'! .:l,..,..e SL::.....,I) ).:l A rr:- Sl.)'!~ .::.sy> 0 jI..l.i1 S~ 0,;l!

J2
vO--uA

2 =0
2vo
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(Vf - VCJ)J~~

III
u

v
III

~lS:.h....ol 0'~ ,~~1~ ~ U ~r ~ ~ J.!11aA 15'cJ~

,~~ e ~.r-! ~~ ~~ ~:} ~)~~ ~,lj ./1.~~ ~)~y!

~A- £ ~j~ ~.~, e~~ <p ~ oJ,lf \.f'l5:Jul ~.9'j

8 cp
tan <p=2£ tan e (r

/ r> r r r >> r r >.

tan <p=E tan e (f tan e = Etan <p (f

.~~~ u cos e ~),>~ ) ~ ~~ ~I~I )~ ~ ~r llJ ~~~ ~~j-i~ ~ u cos e ~r ~ m ~r

.~~~ veos<p ~)~~)~~~~l~l)~~~rllJ~~~),~~jl vcos<p ~r~m ~r-

__ veos <p
(~"L ~ ") E=--

)" " ...r:' u cos e

:::::::> ~ = sin <p :::::::>

v sine

m u sin B =mvsin<p an ~r lSl~ ~~ ~ ~~ '_.5~1))~ ~ ~r ojbjll5~ 0~~

~ __ (_vJeos<p __ st.·ne (cos<p) __ tane I I
c. :::::::> tan 8=E tan <p

u cos e sm <p cos e tan <p

.~~~ (f) ~} yl~ 1~

~r ~~~ ~r d r ~ ~l> ~1 )~) ~~~ e=<p ~b~.1)~ 4S~~~ £=1 ~~ J..olS' ~')11.))~ ~ ~1

.(.~~~ ~1~ ~l;j~ ~ ~l; ~,lj , ~cs" ~),>~ ~1 'l! as~1 ..>~

(Vf - VCJ) J~~

!~2gh (He) (,
3

~2gh(1+e)k (f

2m ~~ ~ lSl~ lS').r-! h t~) jl m ~r ~ A ~j,)!.j~ )~

~.r-w ,~~ e ~)p~ ~~ ./1 .~I k y!1~ ? ~G .JJS is" ..b~

~~I ~1~ ~),>~) ~ ~19~~

~2gh ek (r M ('

h

ill

V'!
A

t BL-- -------'

!
v~

) ~ m ~~ U ~~} .~)~ ~2gh ~ ~),>~) ~ ~r.xS~ ~ ~Ijl ~~ ~ '..> h tLi;) m rr:- as~~
'U)~ ~I)~ (~~ ~r'~ ~ ~ 4S~~ d') 01':;~) ~~~r ~4.~ ~ B ~,)f~~ ~ ~..>~~

:) ~lu)~B ~,m rr '_.51~ ~)~~'-.5~I))~~ ~r o)~Il5~ 0~~

-m~2gh+2mxO=mvA-2m vB :::::::> vA -2VB=-~2gh

VA +VB ,,~
(~j~~~),>~~~)e ~ :::::::> vA+vB=e,,2gh

,,2gh +0

, (e+1) ~ , (2e-1) ~
VB =--,,2gh , vA=--,,2gh

3 3
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.))p~ ~I).)~ .~~~ uSL., 01~~ ~ ci) 1~ 01J>b m2 ~r:- 4151~ ~ ~),>)"!)I~. Inl fr:- ~ ~ldJ#

~I-u .))p)"!)I~. cJ~ ~r .~.Lo..;~ c..Sy>~ ~ Y-o L 'J.1k Sl5:h.ol ~..ro 4)"!j~ 15~))"! ~ 0~1).) ~y:> ~ dJ#

L

)i.
..,..,...,.~,..,...,..,...,..,...,J""""""""""""'_~r----7~~~~-,--,.~<::Jfill

mIvI+m2xO=(mI +m2)vO => VI =( m
l;lm2

Jvo

~~ Ff =-f..lk (m} +m2)g S~I15~~~t;~. ~ 0.);5' c..Sy> ~ b~ Vo ~~I ~r ~ m}+m2 fr:- ~~ ~~

.~:. WJ" L I A: ~ L. 1 L
~~ ~ ..~~ «s" ~)

Ff = (m} +m2)a ~ a=-J.1k g

=> 02-V5=2aL=2(-~kg)L => Vo=~2gL~k => VI=(ml;lm2J~2gL~k

(Vf - Vfj) Jl.w~

~~~ ~ 15~ ~i u 60lb 0j~ ~ 15ldJj~~ ~lb..o

tl...A;) jI j 0~.:.....11.> jI ..,:........,1 j......A:..o P~~ k=150 l~

oLf~ 15~) P~ ,0LfY; ~ ~Lal jI~. ~ o~ Ub) h=I(ft]

~~I ~I~? J~~ ~jSLo )~ .~~~ ~~

1.52ft (r 0.81 ft ('

p L..----~----------r--

h

I.38ft (f 2.24ft (r

'15~ 0~U mg=kbst :~.)b ~.I)"!~ ,.)~~ 8st ~l:.-J10~~ )4;-.)? m fr:- 0~.9)1 4as~~ J:>} :J~I ~~)

u~ ~.)~ o~ 8st ojl-Lil ~? as .)~~ d:'} CD ~~).) .~.~~ (?) ~ CD ~~~.) ~ I)~~ 15j}1

:.)~~~ ~.I~~ ,~Io~) .j2gh ~r ~ ~ o.)~ ~ I) h ~L.o? ~p ~, m r-r:-

vg)2=-mgo

T2 =0 ¢:= .)~ ~I,>~ ill f r:-~r .))b I)~~ ~.?Lo ? oS~l.:> ).)

) I ( )2 I 2 I 2 1 2 I 2
Ve 2 =-k 8+8st =-k8 +k8st 8+-kbst =-k8 +mg8+-kost2 2 2 2 2
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.~~~ <')~; y'~

~L.....J 1$.4~~ as Ir .~ ji> ~~II$.~~~~ .b~ya l5Ub~;;~ ~ o~~ J~I ~') .)'~ 4S)#w :~,~ ~')

0-:>.1 ~.~ ~ )~ I) ~·L....,l ~.~~~ 3 ~I 0j, lS'~ jl ~L; ss fl ~l:; lSj}ll.o .II ~ ~~~ ~~.1 0j~ 15~~ ..;' ).:J

~~~. ~);l ~l~~ ~~ 0)3 ~,y-;,;I).:J~? ~~IlS'.~~~01.oj yJb ~I~~ .~~ ~ I) ~.~..;' ~.:J

:~)~ ~I~~ ~P yh; J~ I)

(VA - V'\) Jlw~

'.:J),.>~)1 ~. , .:J~~ Ub) h t~))1 o~ 0~1~ ul::J? ,~;:;~

~y---J .~~~? 0.:J~ ~~ m ~~ C-Sy> ~ ~~~j ~ ~4.

o~ 0.:J~ ~.?La ~.:J~~ 0)1~1 ~ ? 4S~}'l)~ m ~.r:-

:) ..::......,l ..::...)~ k= 4:g
J>} 4 ...:......,l

h

1---_..........-_~~~1~

8/2

6/2 0

GcL.Jb·1 , 0 Jl..i..o .. Lb ~ :. . ~-~ 0 ~ ~.:J.:~ ""I~ -~,lS'.... )~ ~ ~ua~ ~(5r-r .r

).:J~ I)~ ~l:; lSj}1 d:'~ ).:J ~ ~«s" pJro Ost ~~I

.~pf~ .P

{

T1=~m( .j2gh)2 =mgh

Ve)l-O

=> E1 =T1 +Ve)l =mgh
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1 2 1 2 1 2=> mgh=-k8 =-m V3 +-k8
2 2 8

=> o=~2mgh =J2mgh =~h2 =~
k 4mg 2-J2

h

~l»~, ~).,lj ~~, 8st ~. ,~4 o~ O~~ 0~ Ub) ~JA)~? 4S ~ J;,} .,$1·~4~ Ub~.?)1 fl~~ ,-:-,l~

u)}-'"" LHI)'~ V g)3 =-mg~ , V g)2 =-mgo , V g)l =0 ~I.:I ~I,..,> .~~ ~I.) 1).:1,..,> .:II) J,Jo? L>~ lJl»

.~4~~)~(')~.?U)~0-!.l)~oS~.1~~~~V3=~2gh , 8=h

(VV - VA) JL,.,~

.~W ~ ~ I~ ~I L a cL I· 4S ( ~·Id..!-t c:U ~)u ~ LI 1e:U-I~ .... is" .. ) ~. .., ) <..r ~.. .r . ) <.S ~ ~.~

~.rr" ~4 m O-J~ ~r:- ,M ~,..:; ~r .,$1 .~.1)~ ~;> ~ ~.Ubt~ ~,~ oS~I )~L9 1..01 o~~ 0~ Jl> )~ 1~1 "-:;Jr;

~~I J"!.j <.SUb~4.) ~~I~ ~.W~ S.; I) ~~ d..!,lf ~~~ ~)~ vr ~~ ~;>

M+m (,
m

u vT=--ucosa vT=--ucosa ('
m M+m

m
(f

M
vT=--usina vT=--usina (f

M+m M+m
vT

m
vT=-- ucosa

m+M
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(VO-V~)JL..,~

~~ ~ lS? ~~.~ ~.l.~I~ ~r:; 0~ '\: lS~~ ~ lS~) ~ ~ o~ ltb) h tLa:;) jl~~ M ~r: ~~

~I-U' ~),>~ jI ~. o.L,\j~ ? ~~~~r )~ ,~~ uO.) ~~. ~l) ~),>~ ./\ .~, o~ ~,~ e&; k~

// Iv1

h

l'vl

~ k

.~~ ~''> ~2gh 4~\~ .h t lAJ) ~ j' ~. ~.~4~~r

~rO sl::....,I)).) f>~ j.)~~ sl)"!~~r ojl.l.ils~ L>';lS :M.J2gh + MxO=2Mv => v= .J2gh = fgh
2 v"Z

.~~~ (' )~} y'~ ,~

(V~-VV)JL...,~

~~0~ ~l:»~ Sts:b..o, 0~~ ~ ~\~ lS~) ~ ~'o~ j..a;..o ~.~. ~ k ~.~ 4lS? ~~ ~ III lS~~ ~~ .9~

f~Sl.L.> r~)~~ ~y---J.~~01·~ ~ ~~ ~),>)'"! J~\ ~r:; 4v ~r 4m ~~ L5~~ rr:; .~I ~'jl ?

:~~\~')'"!?~~.?

v
- (,
3

V (f
v
- (,
2

';'1

[
2m 0] [k -k]ool, M- ... ool, K-(rr:;~.r) - 0 m ~ (~~.yJ) - -k k

( 2) [k -2moo
2

det Ke-to M =0 ~ det
-k

-k ] =0 => 2m 2 00
4 -3kmoo 2 =0

k-moo2
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k-2m(~J

k

=> [k-rn002 -k ]{XI } {OJ x, k
-k k-mro2 X2 = 0 ~ X 2 k-mro2

~ ~ (~~ ~;~) w=[: -I~]

i='PTK'P=[ll _~]T[~ -k][1 _~]=[_~ I] 0_3; =[0 9~]1 k k 1 1 2 1 0 3k 0 4
2

* *
.~4~ q='P-I{x} 0')~ ss M{q}+K{q}={O} u)~~ M{x}+K{x}={O} "-'~~ I~

:~.)I~ I~

=> {Xl (t )=At+B-(Ccos 002t+ Dsin 002 t)

X2 (t )= At + B+ (C cos 002t + D sin rozt )

mv-t-rnxOeZmx, (0) => xl (O)=~
2

:'1 ~ L.&.~ 1..61 ...) ). •• .9 -r

C
B--=O

2

D vA--002 =-
2 2

{
B+ C = O {B=C=O

A+D~=O ~ A=t,D=-3~

=>

v v. v ( sin rozt )xl (t)=-t+-S1nrozt=- t+--
3 3002 3· 002

v v, v ( sin 002 t )X2(t)=---Slnrozt=- t---
3 3002 3 002
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.~~~ , ~} yl~ d.S

e.-Sr ~I';~ c.Sr .;I ~lo..o ~ 0~~ ~I) ~ ~r:-S~I ~~ ~~ ~ t6 ~Io~~ uO} 01.>I)o t6 ~)~ yh.; ~

o.;I..L..illS~ )"!~ u)~ ~.I)~ ,~cs"~ 2m ~r:- ~. ~lA ? ~~ ~Ir:-I d..C~ ~ ~~~ O~? ~I ? III ~ J...:S

:~.)b Ja>~y:>

mV+2mXO=(m+2m)~ ~ I~=~ I

(VA - V~) JLN~

a..S lSl~ ~~I)~ e- lSl~.~lj ~r fit =m2 J:>} ~ .~y:f ~~I ~I ~)~ d..C~ j) c..Sr tAS ~)~)~ .~1~ .J~

~~I )'!.j lSUb~..1 jI ~. ~I~ ~I)"! ~~~ )}~~

~ (, ~ ('
h£ P

t

/

mvo +mxO=2mv => v= Vo
2

* h ( vo) h v0 t:v=vcos45°=- - =--=v2£ro
2 2 4

.A. 1 co
1450

~l

*u
"

45° "
n 1 -------------- U%' ml l)

~ I0)= Vo I·~L (f) c:l:.J-e ~Io..:>4£ .~ ..r· T·
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jL;J ~l..1aA rr:- 0~~ ~ ~.) ~~:j ~19 ~).) In) f'po ~ LS.)Lo~

~ m2 ~~ ~ 15lcLJ~ ~>4. .))p~ ~l )~ .~l o~ ~l.) o~

~ ~.~~ ~ o~ 0)4. ~l ~ o~ o.)\.) 0~ 15~I))~ Yo ~r

. ~ L, AB ~ .)o~ .)~l .'. r: « :·("I..L> ~ :. o.)L., & 1&ua.rr >: ,-) •..~ .r- ~t..sO ~ ..

:4 ..:......1.ir. 80=; ~ Vo =2.jg( ~ ill. =m2 =m

3 mg (r

6 mg (f

mg (\

4 mg (f

mvo +mxO=2m VI

.A.

2IUg

v2
=> T-2mgcog8=(2m)--1-=(2m)(2g cos O] => T=6mgcos8

£

=> Tmax =6mg for 8=0 .~~~ (f) ~.jf yl~ III
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(Vf-VO) Jlw~

~ L5)~1 L5~ 0";U ~ ..Llb~~ ~~I L5)LS I~ ~I ~~ ~~ ~~~~ L5~I))"! o)~ f~ ~ ~) O~)~ '-.5'~ 0~

:~)~ I~ ,~1 .J1y9.l'! Q) ~ Q) '-.5~~~

y2
=:> - =2g(1-cos8)

f

e
mg

_ my2
~ L5l.:-JI))~:;;~~~~ 0,.;lj :IFn =rnan =:> N+mgcos8=-f-=2rng(1-cos8)

2
=:> N=mg(2-3cos8)=O =:> cos8=- =:> 8=::48.2°

3

L5~ B ~)~~ .~~~ Ub) 0~) 80 JI~I ~~Ij 4o~~ J,~4. cU.,.L!

~ I) L51'4,lj ~ ;Sl~ J~~4. ~~ .c~cs"(~ ~Lb.o) I) ~ ~~.r
~~} ~1?

~ > 8 0 (,

.~)I~~~~~(f

A

OB=a ~ OA=f

Page 49 of 81

www.kolbedanesh.com



LS3;--i1 LS~ 0";'-9 ~ -ub~~ ~~I LS)l5" 1:0 ~I ~~ m ~~ ~~~~ LS~I))"!~~ )~ ~~ lS~~ LSl.:.-.,I) 0~

.~I)}~

{

T2 =0 ~~ ~ r~ ~.r" as .6~ ~y> \Sl~.,lj l; f.5l~. J,..l.i4.

vg )2=-[a+(.e-a)cos~Jmg

E1=E2 => feos80 =a+(f-a)cos~
if a=i

__=-2--+) Ieos J3 = 2 eos80 -1 I

{
a=o

if 80=~ => cos80=eos~ ~ fcos80=a+(f-a)eos~ =fcos~ => a(l-cosJ3)=O ~ R
I-' *80

if %> 80 >~ ~ cos 80 < cosf , £cos 80 =a+(.e-a)cos ~ ~ a cacosji ::::::> 1<cos ~

f
o)~ ~4~ a="2 cJ~ u)~)~ d5~1 ~~,; 4d5~4~ 80 < ~ 4. ~ 80=~ 4.. a ~19~~~ ~~

·~4~ (, ) ~:J ~,~ 'll ~ 80 < ~ ~.)~

.~~~ ~)~~ LSUbJl::..o lSI)"! LS'~~lj ~.r o)~' LS~ ~ ~ ~.r ojl..l.illS~ ~ (..$;.}' LS~ 0";l9 ~~ ~.')~

I) ~~~ J> ~,,.g ~I 4d5 ~.L.o ~w ~ o~l ~~~ ~~) JLo..cI 4d~ f'~ 0,.;tg..>1 ~,,.g 0-!.' ~W oS~, ~.~

L~~~ ~.~ LSUbJli.o)~ .~~.!~ ~Lo ;o~L.t J>~ ~',.g~, ~~)l5" ~ .~~ J> ~ J~ ~,~ 0,.;tg ~ 0'';~

0";U~ ) ~)}-O ;/b)~ d5~01';~ UbJli.o ~I ~lio 4·~4~ )}~ L,,; ~ 0,.;l9~~ 4.~. Ub01S1)"! oS ~4~

.~~ o~~, 0'';~ d.1L.o J> L51~ ~.~

~~ 0~.) o)~ t6<s),b~ ~.~ a t~ ~ LS'd..i'~' J,=> 0~) ~ o~~ o~) ~ ~ m rr:- :(,) JU-o

BP=r ~~l )}~ 0~.) LSI~,lj~.r <s'~ <s'~l) ~ .~)~)}~, ~)~ f.r:; ~r~,o~~

A

111
~~BIIIJp

111
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J,....b)1 aH ~ ,\B ~LS J,....b ~)..l,jl ~ ~ ~~~ r ~ ra jl0~.) J,b ~.~ L51~1~1 J~ 0~) oS~~

r=rO -aH :~)~ 0-!.l~~ ~~~ ~l)0~)

l.o-i I m ~ Jli..o . 1 ~ ..« ~
.~. ~))"!) ~r:- .f>~ 0-!. ) ~~~

.Ax)..:..,~ "L~.)).) B ~..:..,~ 9(rcos8 ~ rsin8) jl ~l u)~BXYu~ o~~ )~p ~u~

o.L:...S .a.::>-~ ~ A\\ ~L w~o~~ ~ P~u~ . I ~ .~L (BH=asine, AH=a-acos e)~ '-' _. ) ~.)"!. .~

:jl ~l w)~ ~4~ p ~ ~.f>

Xp ==asinS+rc()sH=asin8+(ro-a8)cosS

yp == a ( I -C()S S)+ r sin 8 == a ( I - cos 8) + (fO - a 8) sine

J. vP ) x. =Xp =a ~ cos e- a ~ cos e- ~ (r0 - ae)sin e=~er sin e

1Vp ly =Yr = a Bsin e -a Osine+e(fO -ae)eos e=ereose

1t
~+8=- ~

2

\
0~.) 151~.~lj ~y---J )~ ~~ (r) 0~.) J,..,b 4. ~ d..il~l 4 ~Lo.:; ~ l:; ~r:- clL,~ 4~l y!1)"! m ~r:- ~r OJ'~l ~

.~~ ~l~ P~ 01)~~ ~1 jSyA o)~~ y1b)~ ~Lo.:; ~ ~1.J"!~

o~L; u,J~.l~ u ~4~~~. J.:S~~ (xp(e),yp(e)) L5~1)4. u)l~l..,r..o j1 ~m ~r:- c.S~ ~

.~~~

.~~~ ~~ )"!.j u)~~ j:-i m r..r:- ~;> ~ l5~1 E..~

1 Ypxp-xpyp
P 3

[{xp)2+{yp)2J2

{
X~ =- (fO -ae)sine

YP = ( ra- a 8)cos e {

Xp=asine - (ra - a e)cos e
~ ~

yp =-acose-(ra -ae)sine

1 1

P ra -ae
~ p==r=ro -ae

)~:>......o JL..o ~.l)"!~ ·~4~ ~~ 15~I? yA ~W~ ~.~ U)~ ~ .r 4~l ~l~ P d..bjij~L5~1 t~ ~1y!~

·~4~ L5~)"!.b~ ~~ (~l )"!l~ 01)~~ t~ 4~ <.S~l tLt...:,) r=p 0')~ ~ ~l ~~ ~b

:~.)~ ~Lo..o ~ ~Lg o~~ )~ ·~4~ 0j~ 15~~ ~ 0~)~ c..S~~ ~.r:- ~ O~)~ S~~ 4-G

2:Fn =man =:> T=ma
n

=m v
2

m{fro)2 =mfro2 =:> IT=mfro21
r r

2:ft =mat =:> at =v=O =:> V=fro=eonstant =:> Iro 0>0 =rrol

L)J->b jl~~ 0~) L5~ ~ ~ ~b ~l)j-J ~r:-.1' .~~~ ~)~ ~r:- ~ ~)l> 15~~ ~ 0~))"! ~~ ~)~

.~1~ ~~~ LFt 4. ~)"! ~~ L5~y;, 0'~ ~ ~r:- ~ ~ ~ ~'~L5,ft u)~~')~ ~f~.J~
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S--S ~ ~I,:;~ I)~~~ o..;~ oS ~I 0-!.l JI~ .~ ~ J.ol) ),.b~ &i~ ~~~ L.>~lj ~~~ J~ aJL..o

~.H ~~ o)~ ~;---J) ~I ~,.o..em rr::-~.r ~ ~ o)~~ <s~~ 05'~.~\ j1.~ J:> ;o~l.J ~ ~I,s

~ )~ m rr:- ~..,.b ) .~I~,~ <s~~)l5' 0-!.l)"!~ .~~~ r~1 <s)l5'~ I~ (~~ lS~l) ~ ~~ ~ ~I

<sj.;-JI 0\~~~ ~I )})"!~~ <sj}1 <s~ 0~tg 0-!.l;-!~ .J.:S~~ L.>\~~~. <.Sj}1 I:J~cs" C-S.r ~I

.~b~I~~~~

L1v o =0 AT 0 1 2 1 2
e ) L.l = => -mvo=-mv

2 2
=> Vo =v ~ IrIDo =rro I

.~~~ ~I) &i~ r~~ 0~lj ) o~\ ~~~~ L~~~~ l5jy-i1 lS~ 0~lj d..1~ ~.I.J~ ~.l)"!~

~~~r oj1~1 <s~ 0";1.9 ~ll; ~ oS ~I L.>\ ,~b~:y ~.~ ~ <s1~ ,Go =0 ~. ~ mvo=mv I~ vo=v 0~

~~.r 0 jlJ.j1 u)~ 0-!.l )~ oS ~~ ~ ,~~ <sL:.....,I) ~. )~ Ub~~ ~ oS~~~ c:.;ha ~lo j 0";1.9 0-!.1 J~ .~1 )})"!

~~~ L I) 0~1.9~.l <s)y-9)"! L.>I~~ L~jJ ~ xS~ ~ G ~ GO <s~I) Jl.o Lr!.I)~ ~~ .~b ~I~ ~ t.-..1.J 0\)~

~ .d......> •• ('.~~
. ~ ...!T' r...s-:..rr:

~~ ~ tl)~ J,.:> m rr::- .~~~ o~ F <s~~ L o~.? )~~ ~. tl)~ jI c60~.) ~. ~:y m f r :(Y) J~

~bt..o I) F l5~~ )l5'.~is" ~ I)~ ~lho ~.)Lo~ r.r:- I~ ~~(.S"J ~.~} ~ t'.J~ ~ ~ JS~ L))~~ 0) <.S1~.~lj

.~

r
'V

m..:..."
'......-------~I
I
1

.1

F

.H~,.o..e <s~I))~~. '~~(.S"J ~r ~~ ~~ l51)~ I~ ~~(.S"J ~.~; ~ tl)~ ~ ~ y)~ J~ ~r: ~ o~').k m r?"

~~.1 tl)~~ ~ rr:-0~ ~.~} J:J~ ~ ~r ~~ d.iJ~ ~ (ve=rro) ~~~ tl)~ J~ ~r~.r:;~ oS 0~.)

(vr=r) .~~~ 0~.) ~)~ ~ ~~~

.~I ~ ~r ~~I) )~ ~~~ ~ oS ~~ d:') 01':;~ 1jJ ~~~ ~JA lSl)~ ~r l5~1.J )~ ~ ~ <s~~ <.S~I)

r4iI )LSF<s~~ ,.:u .~~~~,.o..e ~r <s~I))"! F <s~~ lSl::...wl) ~yb).~ )})"! ~~.rojl~1 <s~ 0~l! 'jJ

.~ )y3~ ~ l5j}1 <s~ 0";1.9 ~ ~~~
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~ IHyl=1 f xrnv1=1 rxmval=mrva =mr{rro}=mr2ro ~ Irr CO]. =r~ 0>:21 ~ Irr cot =r~ 0>:21

(F <.s,~ ;Is') Wp=~T+~vg =~T=~m v~ -~m vr =~m{[ Va }2Y +[vr }2Y}-~m{[ Va }IJ 2 +[Vr }IY}

=~m[ (r2 0>:2)2 +(r2)2J-~m[ (rlCO].)2 +(rd
2
]

m f'r ~~ ..)~)~ )l5'~ )~.) J? <.Sl~ 4S ~l L51~~ .;)~tf :(f) uu..o
r ~;; ~ f'l?l .~cs" L.,l)~.) y )~ J~ ~ J.j)b )} B ~ A ,bLA.; ).)

01)~.) ~~ t6~~ ,~).))} /!, ~~ J~ ~ OB ~ OA ~llb~ r

~.) ~ ci~ ~.l)l mr(02 'f'r:- ylb ?;A ) ~~ LSUb~~ ,~~~ ~.l~' (0

~ o.);-S 01)~.) 0 J~ OB ~ OA <.SUb~ ~ ~~~ )~.) ~ j' ~r

~ o~ )~.) ~ ) ~ D ~ C loU;~ lX.1 ;l)~ .~4.~ ~.I}I e ~~lj

o....JaA.j. 1'1 o~ ssLLo E t..b.i; l;..l.i r; ~ ED CE llb~c-« ) ) .. ~ ')--J~ •• ~ tS ..

~..li; ~ y-1b ~ )~ ~ ~~ <.S.)~)~ ~)~~ ~,1 s.s ~ ~ ~~ ~4

.~W,c_.~_I- .) ···l~l·ll;.) ·J"·(l~ ..)•• ~J-::-' ~)~ ~•.r) ~ ~)-r-:.

(0 ~Vt==rffio .
~.1~---------~---).----- m

V r 1 r I

t -I" •
I ~

~.)).) ~~~ f'lr1~<.SUb~}'O),) (0 <.S1~.9'j L5Ub~r~ ~l~'..) ~

~ 0 j-S;A "--! tS1oy-S )~ ~)lA ~ B ~ A f'1.r:--1~.r~ 4. ~ A ~ B lol,Aj~.J,.;Jb 0~ l~ ~4~ ~G 0 d..bA.; Q$~~1)

..)~ ~I,> f t:...~

tS)~~ Y)~ J~ l.Jb~~ ~J .~ (m f'r ~ ~ ) o.))~ <.S)~ <.S~~) T ~ mg <.Sl1b~~ ~lrl ~ o.))~ l5llb~~ ~

.~l )}~ y )~ J~ <.Sl~~lj t.::..S.y 0 jl~l <.S~ 0";~ III .~)l~

o J~ ~ t61..K'" ~4~ Yt ~ ve ~r cW~ ~~ LSI).) m r-?

.~~ 01)~~y .J~ J~ ~ ~ xS~ 0')~~

Hy =~.(rxmv) =~.[rxm(ve +vt ) ]

~l.)~ ~ ~ ~ 1:J~l.)~ r )b)'!)'! fXVe )~.l'! ·~4~ HB=r ).)~ ~ ~4~Y)~ ~).) ~)~~ ~ 01..)~ .s
·~4~ ~ 4~~ rxv t ~ ~l ~~ r ~ vt )~~~)o) .~~ jJb1~ ~ ~.(rxve) 0-!.'y-!~ ~

Hy =mi.(rxvt)=mrvt =mr(roo) =mr2
(0

r=esin a I . 2 e . 2 e I) cot SIn 1 ==002 SIn 2
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~ ~ ~ ~)~)} S~lu~~ ~I ~~. c..S~) ~ m ~~ :(f) Ju.o

~ L ..:> .~I o~~ -~ 1_" - ~L ~~ 0 ~ ~ as k ~~ L ~r . rE· .. .r: ~ .~. ) .. .rr:

~I )~ ~r tU ~~)~ ~.~ ~~ ~ ~ ~is" ~;> ~ b~ VI ~~I

.~~ I) V2 ~ VI lS~~r ~ ~I) .~~~ V2 ~~

~
€)---.V'

o

J,...:> ~;-:-i 0-!.1 )~~ I~ ~ ~)~ is" 0 ~) o)~ U1~I~I ss ~4~? )~4. lS~~ m f'r:- )"? o~)~c..SI~ <...S~~ ~

HO)l =Ho )2 :~;I.) ~ ...::.....,1 Jir. <I.hA.i 0-!.1 J~ 151~.9lj .::.S;> ojl,j.jl i.S~ -:>,.;[g~ ).) .9 ~4'-5"" ~ a

~ ~~ o~~ ~ ~ o~ ~I';~? u~) Yr ? lS~I))~ ~~ ~ .~~~ ~r w~ ~~ c..S1)~ m f'Y:" V~r )~)"?

.(~~ ul)~~ 0 ~J~? u~) va ? ~ ~~ <.S~I))~ c..S~~ ~ (~-ub1,.> ~.~; 4. )~~ 0~ ~ m r.r:-

Vr =r ~ va =rro

110 =rxm v=mrx(v r +va) =m(rxvr +rxva) -rxv r =0 ) =mrxva ~ H, = m]fxval=mrve

=> Ho=mr(rro)=mr
2ro => HO)1=Ho)2 => Hoot=r~ro21

~I ~I~ )~ c.S;> uR- ~ ~I )})"?~ ~~ lSJ}1 c..S~ u~19 I~ ~I )~.4. <,S1~ c..S~;-:-i ~ F IS~~ J3;b )
. I~' 1 l;.." J...:S . '- I~': I :~ ... 'II~
.~) ~~.~ ~~~~ '.' <'s).r

L1T+L1Ve=O => Tl+Ve)1=T2+Ve)2 => ~mV?+~k(rl-.e)2=~mv~+~k(r2-.e)2

:~.)~ ~ .~~~ ? ~Ijl J~ e ~? ~';G ~ ~~I <,SLAJ,b ~; ~ rl ~ rz '-:;!)~ cS

=> v? =(rd
2

+(rloot)2 , v~ =(r2)2 +(r2COz)2

(VV- VA) ulw~
y~~ ~I'; ~ ~)~ ~. )~ ~ ~ ~)~ u~1 4.1.~~ u~19 ~~~~ ~ u~\j ~ 1S)}1 L5~ 0~\j

.~)~ 0~1 ('

.~cs" ~t; I)~.~~ oS ~I J~La:; ~ ~ ...bi.9 (r

..J.:..5cs" ~.t; I)~~~ (,

.~I U~)~l ~~~ ~\j c..S~~ j1 ~. (f

J-olS~~I ~),>~ )~ J~ ul~ ~ ~)"? ~I~ ~ 0';~ ~~ .fb ~)~ ~.);) ~.)~ 0~1

~I ).rJ)"? ~~ c..Sl:-JI) )~ rr; ~~ c..S1)"?~ ;:,S;> 0 ).,lj1 <.S~ u,;\j m lS~l-.o f'~ ,~

2mv=2mv' :ftt":'.)~~.

:~.)~ ~yb) ,v=v' :f1>':'.)~ I~
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~.~.~~~~ 1,Ui.; ~y---J )\~r ~~0~~~r '.S\)\~ ~~ .bUi,j ~W ~j> ~.1 .J~

.~~ -ub1~ )"!.j u)~ ~ d~ r,.) 0Y~ U)~~.1).) ~4~

0\)~~ tLt-::J ~~ ~l.> j1 c..S ~1~~r lS\)~ ~~ yJb ~ ~is" 0\)~~ ~~ .iliii~ J~~~j> ~1 .J~

~ lS\~ ~.r lSI)"! J~ r~~ 0~19 .~.1~ ~~~ ~~ '.S\~.~\j ~r )~ (0\)~~ ~.l~ ? yA t; p .))~ ~ ~lS)

.~.1~ ~~~ j,; U .J~

(0~ J~~~ ~ O~)~ ~)l:> lSl.lb~~ )~~~) Mo=lou

.~~~~~ lS\~.~\j ~l;..:;J a ~ ~~~ 0 ~J~~~~~1 0~ ~. ~ 10 01 )~ d5

.~~~ o~b ~~ l~~~ '.S\~.~\j ~l;...:::, ~ ~\~.~\j ~~ r~ ~ ~1) 0-!,\ ~)~ .J~
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~..)u)~ ~ .~~~ ~))~.) ~ ~ J\.A:.;l -..51) ..) ~~ as ~l ~r
~ ~ ~I~y~ ~ ~y-J Sl).) ~~ rr j5yA ~ ~ ~l».)

LSI~.~lj yl:-::J ~ ~.rr" .~l Sl~.~lj ~b ~ 151~.~lj ~r ~1).) ~

~ L5~) r ~G .h> ~. L~l ).) as .)~~ ~.r:; ..:.,)~ ~.~ ~

~ ~~ ~G .b.> ~.1 ~.~Ij ":"I~~ ~ .)~~ ci;f yb.;).)~

•.)~~ o~ C?:";-'J k>

. ~8 . 8" -81 d8 .
LSI~ L51,,-!.~lj ~r- 00= hm -= lim _ ....--=-=e

~t ~O ~t ~t -70 ~t dt

1· 1•. 1 I I· I..... 1· ~oo_ 1· 002- 001 . e"LS~ L5"-!.~) y~ U= 1m -- lIn ---=00=
~t ~O ~t ~t -70 ~t

t
aA=rcx..

-.
F

'co
dm-x

~ J.)l..1;) e·:..:..~ J.)L.,u~ .)~I" ~ I. 45-- ..... ~. ~L5~

~ I) -IaU ~~.I )~t.-:::.f ~ -maG ~~.1 <.S~~ (~~I

o.))~ lJb)~t.-:::.f ~ ~1~~ ":")~~.l ).) .~~ J~I~

..)~~Ip..~~~

)LS~ ~~~ L51~ ~I':;~ o)~ L51~ o~ ~.l) ~ L5Ub0~19

o)-Lil ~ )~t.-:::.f L}~ U .).).r5 ~.I) ~I~) ~.~~ ~ .)~)

~.)~ ~~ L51~ I)~ <.Sj}l ~ ~ ~ L51~.~lj ;:.S;>

.~.1~ ~.)~~.j u)~~ ~l~) ~.l ..))~l

.~l aA ~ a~ 0 W1y~ <.SUbcliJ~ .~..r:?~ yb.; ).)~~ <.S~) dm r.r:- 0 W1~

..))b )~~ 0 c1kA.; J~ dma~ LS~~ ~ 4S.~4~ dmaA ~ dma~ ~ ~l ~ O.))~ L5Ub.9~ ~J)"?~

(0 c1kA.; JJ> dm OWl.)'! .:.}~ ($l.b,~),~) dMo =r(dma~) =r(dm)ra.=(r2 dm]« => Mo=a. fr2 dm=Io a.
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,,))j~ ~.I~ d.hA.; J~ )~~ ~I~~ .~~~ o~~ 0 ~J~~ ~~I 0lo...o ~. ~I)j~ ~ 10 = fr
2
dm .~~ ~l) as

o~ J,....:>~~ lSl~~lj ~r 0)~l n, 01 )~ tAS Mo=Ho ~b~ ~yb ;I .~~~ ~bA IMo=10 a I~l) j1

·~4~

lSl.:....-Jl) 0~ ·~4~ rro2dm
j rudm j dma-, .dm L>~l ~ O~)~ lSlA>j~ ~l~~ ·~4~ aA =aa +a~/a+aA/a

~l u)~ G etbA.; J,:> rn dm j drna., lSUbj~ )j~ j ~)~ G d.hA.; J~ tS)j~ ~ ~)~~ G d.hA.;;1 rro2dm lSj~

:j1

t
a.AJCi

.A.G=r

dMa =r(radm) -(dm a., COS~)YA+(dm a-, sin~)xA

)j~ j ~4~ dma-, sin~ j dm a., cosf ;I ~)~ tAS ~4~ Y j x lSlA»~ ~ )~ tSlA>~}A j~ lSl)~ dma., tSj~

.~~~~~~4 ~l) ~lh.o Ub~}A ~l

Xa
fXAdm

0
fdm

Ya
fYA dm

0
fdm

M a =Ha =Ia a=la ro => IHa =Ia ro I
.~~ ~1~ ~4 ~lj) ;o~ ~~l ~1j) ~~ (0) o1~~ tS1~ J,:> I) tS1~~1j ~r 0;I~I j )j~ ~1j) ~I~ ~1

·~4~)"!.j u)~ ~ ~ ~~.r:-?yA ~~l Sj~ maa ~.; j~~~.r:- pya~~y> ojl~l mVa ~.;

flo =fla +OOx(m~a)

Mo =Ma +OGx(maa)
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OGlla~OGxmaG =mOGx( ab +aG) =m( OGxab +OGxaG)

OGxmaG=mOGxab => IOGxmaG l=mOGab =mOG2 a

=> OGxm;a=mOG2ak => Mo=Mok=Ma+OGxmaa=Mak+rnOG2ak => Mo=Iaa+mOG
2a

=> Mo =(IG +mOG2 )a=lo a => IMo =10 a I => Mo =Ho =10 a=lo to => IHo =1000 I

~ wi~~ J ~~ JIJ.loI d.S J~ ~~ (0) '-SI~ J~~ US~ "jl~1 ~J";,f'$ .b.:tIJ~ ~I (J

:J~~ ft~ JSjO jl

:~~~~ ~l> ~l)~ ~~ ~l~ OG lIio ~)~ G rr- ? r jl 0 ~y~ ~l~l.Jl

aG =ao +a% =ao +a G/O +a blo => OGxaG=OGx(ao +a CJlO+a blo) =OGxao -ooxs G/O -ocxs blo

oaxao=O OG -- OG -- t IOG -- I IOG -- t I OG t OG(OG) OG2
----...",,=----=--~) xaa = xa a/o => xaa = xa G = a a/o = a = a
OOxa~/o=O

SJ
atG/O

11

aGIO G
o ..

a,

=> OGxaa =OG 2 ak

Mo =Ma+OGx(maa) => Mok=Mak.+mOG
2ak

=> Mo =MG+mOG2 a=IG a +OG2 a=(IG+mOG2 )a=lo a.

" " 2 A 2 2=> Hok=Hak+mOG rok => Ho =Ha +mOG ro=Ia ro+mOG ro

=> Ho =(IG+mOG2 )00=1000 => IHo =10 00 I
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......._ ........._.-...- ..... x

CT.~==r

90+B ~.~Ij ~.~ ~ o....S VAla ~ Va ~y--J )~~ ~~~ A~~r .~~~)a.;)~ A ~)~ I)dm rr 0W1

·~4~~j~~

:) ~, U)~ 0 W1~ <sj}'

dT 1 d V2 1 d ("'T2 2 2 2"'T • R) r sin ~=xA ) dT 1 d ( "' T2 2 2 2"'T )=2" m A =2" m vG+r 0) - -o COrSInp =2" m va +r 0) - -o O)XA

J 1 J 2 0)2 J2 J m 2 10 0)2 J=> T= dT=2" VGdm+T r dm-2VG~ xAdm=ZVo +-2--2VG O) xAdm

JXAdm
XG =0 Jdin => JXA dm=O :fO"!.).) ~}:> jI

=> IT=~mV~ +~ IG (ji 1= .}lQ:;.;1~ s3;1 + ~I),.)~ S3;1

:~, ~J'JJ jSjA ~'J'J~ ( ~

:,lJ ~ ~~ ~I,> VG =OGO) ~~~~ 0')~~~' jSyo ~ 0')~~ ~b jSyo 0 .I'

1 )2 1 2 1 ( 2 ) 2 1 2 I 1 21T=2"m(OGO) +2"IG 0) =2 mOG +I G 0) =2"10 0) => T=210 0) . '

:~~~

~~ <s'cL..b.i; ~ rr ? yo ~ ,,»)'~ ~1 jSyo .~ 01),~ ~b jSyo 0 0' )~ ~ 0 ~ J~ ~~~ lS')"! )'~ ~I) ('

~ lSl~.~lj y~ )~ y.rl:'~ 0' J~ ~~10~ y.rl:' ~l> ~ ~, )"!'~ ~)~~ rr jSyo ) ~ 0' y~ ~I~' ~

.(Mo=loa)~

4 rr:- jSyo ~ 0')~~ ~, jSyo ~ 0')'~ ~b ? yo 0 0' )~ ~ 0 ~ J~~~~ <s')"! <S'~,'j C-Sr 0)~, ~') (r

~~ )~ y.rl:'~ 0' J~ ~~I 0~ y.rl:' ~l> ~ ~I ~,~ ~)J.f~ rr jSyo ) ~ 0' ~r ~'~I ~ ~~ <.S'~

.(Ho =10 0))~~ <.S1~.,lj
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~l> ~ .~L (!I 0)2 J ·1 c.~,~:··I (!mV2 J 'Ui;.;'.~ ,~:. ·1 >:-~ 1(' ~l:> c.~ ,~ ... ·1 (,) .~ 2 G t.S)' ~---.--. I..::')Y!J 2 G t$ 1..:)--.--. .ssr ~.-- ~ ) ~---.--. ~).r

'~4lS' 01),.:> ~14. lS""!-1.:> jS.;-o 0 cS .:>,..::, O~ T=~Io ro2 u)~ ~ .l.i1~(.5'" d'l>

·~4~ )"!.j u)~ ~ c..S1~.,lj ~;> 0)~I , )!J~ ~I) ~4 o,~~ c.\.b.i; ~. 0 }I (f

&10 =&lG +OOx(maG)

Ho =HG +OGx(m VG )

x
y

~y---J L ~~r; jS;A j' o~)j$ A - A)~ J!J-> ~ I) c..S~ ~~~

~~ ~,~ ~ G ~r jS;-o ~r ~.';-!~ .~.~ is" yh; )~ ~r:;~ ro c..S1~!J'j

.~~ ~I,.> Vp =roxr ~)~)} dm ~r 0WI01)~ ~ p~~r'

(G~ J~ 0W1c..S1~.,lj;;$;> o)~')dHG=rxdrnVp=rx(roxr)dm

HG= Irx( mxr)drn=?

i j k
&xr = Olx Oly Olz =i (zroy - y roz) + (x Olz - z (Ox )J+ (y Olx - x roy )k

x y z

rx(&xr)= x

j

y z

=i[y(yrox-x roy )-z(xroz- zrox)J+ J[z( zroy- yroz)-x (yrox-x roy )J+i[x(x roz-zrox)-y(zroy- yroz)J

=i[rox(y2+z2)-xyroy-x zrozJ+ J[roy (z2+x 2)-xyrox-yzrozJ+i[(x2+y2 )roz-yzroy-xzrox] =>

:fia=i[rox f( y2+z2)dm -roy Ixydm -roz Ix zdm] + J[-rox Ixydm+roy f(x2+z2)dm-roz Iyzdm]

+i[-rox Ixzdm -roy Iyzdm +roz f(x 2 +y2)dm J=Ha)x i+ Ha)y J+Ha)z k

J~ ~I),.:> ~ U)~ ~l )':> .x..::.4lS' ~x2 + y2 , ~x2 +z2 , ~y2 +z2 :~; ~ Z , Y, x L5Ub)~ jI P~ J.oI,.9

..l.i"';'lS'~~ Izz = f( x2+y2 )dm , Iyy= f( x2+z2)dm , Ixx = I( y2 +z2)dm :U)~ ~ ~; ~ z , y , x -SUb)~

:~)~ ~I;-!~ .~~~ ~.~ Iyz = Iyzdrn , Ixz = Ixzdm , Ixy = Ixydm :U)~ ~ ~~ c..SlJb~~ J.ol>

HG)x =I xx Olx - Ixyroy - Ixz roz

HG)y =- Ixy Olx - Iyy roy - Iyz Olz ~

HG)z =- Ixz Olx - Iyz roy + Izz Olz

-Ixy

I yy

-Iyz

I{Ha}=[Ia ]{ro} I
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I

:~.)~ u)~ ~.I)~ ~ ~\,> ~~ sUb~.ro ~l> ~~~u~ L5~)~ ~ ~, LS~)~ .!\

HG)x -r., rox

HG)y =Iyy roy

HG)z =Izz roz

G xyz u~ o~~ .!' .~./~ 0 1oj "-!~~'~,'j ~r 0)~, ~') j1 ~~~ )'~ ~') 0~)~1 ~~"-! s')"!

.~~ ~''> 0 10j ~~~ ~')~ ~ LS~)~~ ,~~ ~''> 0')~~ ~~ ~ ~4~~ ~~

MG=HG=HG) i +HG) J+HG) k+HG) i+HG) j+HG) k
X y z X z

=HG)x i+HG)y J+HG)z k+ HG)x (&xi)+HG)y (&XJ)+ HG)z (&Xk)

=> MG=HG) i+HG) J+HO) k+roX(HO) i+Ho ) J+HO ) k)
X y z X Y z

=> MG=HG) i+HG) J+HO) k+roxHO=MO) i+Mo ) J+MO ) k
X y z X y Z

HG )x =I xx rox - Ixy roy - Ixz Olz

HG ) =- Ixy Olx + Iyy roy - Iyz rozy

HG )z =- Ixz Olx - Iyz roy +Izz roz

'1~ ~\,) j' o~~, ,MO ~I))~ Olz , Oly ~ Olx Sl~.,'j ~~~r ~~~~~ )'! HO ~~~ ~") ~)~~~ 4

~'''-!.~'j ~Ub~~ s~~~ , Olz , roy , Olx S,~,lj ~Ub~r ~~~~~~ G r.r:- jSr J~ )'~ )~~ ~~ 4\-J

~" LJ~L...o c:\-J 01':;~ ~)l> )'~ 0~~ r~ 4~~L;~ fi,' u'1~~ ,) u'1~~~, c3.S ~1~ ~~~ roz , roy , rox

s'~ u'1~l.J..o ~, III~ o~L.> ~ ~b )~ u'1~L...o ~I J.> .~~ ~Gt..o I) roz ~ roy ,rox , roz 'Oly ,Olx ,~~ J.> I)

.~~~ o~L..t ~j u )~~ ~~~u~ sUb)~ ~ ~, ~Ub)~ 4S~b

lx..x

M G ) X = Ixx Olx + roy Olz (Izz - Iyy )

M o )y =Iyy roy + rox Olz (Ixx - Izz )

MG)z =I zz roz + roy Olx (Iyy - Ixx ) I yy
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1 2
la=-mR

12

2 1 2IA =IB =IG +mGA =-rnR
3

Ci

AB=R

A B
r--(--z----<m~)

R

x

G 1 =!mR2
zz 2

2
1 =1 =Izz = mR

yy xx 2 4

z

(VO - vt;) Jlu,~

B ~ ~l.!l ..)~~ .);1, P=60[N] ~l <.s,~ 4[kg] fir; ~ ~ <.Sl~ ~

l~ c:L.>~1 _L... cl..J~ ·1 e I.Lo.:; ~ 1· .~L I~l ~ 11~.bA3) ... ~ c..---- .. u ~ ...9).($ .f><.S)

~~~~

(¥ ~)S~10,~I)~I~)
A

AB=500mm
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B

t/2 .~1

mg

e
1/2

L:Fy=O ~ N-mg=O ~ N=mg

. LMa =0 => P/i sin B - N% cos O= 0

~ tan8=N=mg=4x9.81 => 1 8 =:: 33.2° 1
P P 60

~ljl rl.J~.~ .~~~ (f) ~:.J ~I~

p

(VV -VA) JL.u~

,("'~~ u cL-lOA LL t:LS ~ B~~ ,~... Ub o~ o~b .~ ~ c .: .c . ~l.:>·1 . I~"·. .•
~ irr:: )~. .. ~ .r ~I.,S'J ) u.. ~) u~ ) ;-!.)~~

.~~~ c:) ~l:9 ~ )~ ~.r , ~1 m ~,~ llb~ ) rl~ y1b rr:- ~~, j!.j LSllb~4. ) ~rl~ ~1)~

V=~3;£ ('f V=~6;£ ('i ~
4

v= -gf ('
13

=> E1=T1+Vg)l =3mg% ' E2=T2+Vg)2 =2: (VB)2 +mg,%

E1=E2 => 3mg,%=2:(VB)2+mg% => mg£=2:(VB)2 => IVB=~%g£ I

Page 63 of 81

www.kolbedanesh.com



c (N.m) B~)~ M~)~~ .~1 o~ ~~ S ~ ~ B o..bA; .;1 ~ ~1

254 (~ 196 (f 164 « 137 ('

BG=GC=l/2

~ ~lo.> a' . Be .. I...J~ 111 ,~L a ,A S-1. ..~~ I...J~
~ T ~ ~. .~ ~~~ T--·--·

J~1~ ~~~)~ 1) mBCa ~fi.1 L5~~ ~),1~ J-ol~

u . 1 ~.~ t. ~~1 ~··:~1 ~ J~L,u l.:; ~ .«
~ )~0-!.) ~~ •••~. ~~

.~~ ~19-~ B c1.6i.; J,.=> ~~)~~

-M B + (mBC g + mBC aCOS30)~ = 0 ~ M B =(20X9.81+60X1.5Xcos30)~::=196[N.m]
2

(VA - Vo-.) Jlw~

11

m ~r:- ~ ~~ (,

.~)~ )~~~ ~.4. ~ 0lAj~ ),b~ ~~ ~~ ylb (f

.~)~ )~~~ ~ ~~~ S~1~~ ~~ (f
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{
T1 =) 0 => E 1 = mgh
Vg 1 = mgh

1 2 1 2
T 2 = 210 m + 2"mv G

Vg )2=0

V G = fro )

)~v - - h
G disk - 3 g

v G ) mass> V G ) disk ·~41.S" (\)~J yl~ til ..I....»I.S"~r o)~

(VO - VfJ') Jlw~

00= elL (fV3(R-=-~)

0) =)4gR 0"
3r 2

0) = ~ 2g (1'
R - r

t~ SI~.,lj ~r ,~~.J Ub) e = 0 )~ 0~ ~b- ) ~~.JI ~~ R tL...::J ~ L5,~b ~ S'J ~ m~.r:- ~ B ~~

~~I ~I~ e = 90° )~ AB

00 = ~ 4g (\
2R - r

{

I 2 1(1 2 2) 2T 2 = -!OID disk = - -mr + mr IDdisk 3
2 2 2 = -mr 2m . 2

4 disk
Vg )2=-mg(R-r)sin8
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~ E 2 =T 2 + Vg)2 =~mr20)diSk2-mg(R-r)Sine

3 2 4g(R - r)sin8
£1 = £2 => -mr O)disk

2 = mg(R - r)sin8 => Oldisk =
4 3r 2

VB = BOoodisk = roo disk =BAe=(R-r)8

'1 ~ge =e=90
0 3(R - r)

. r
=> 8 = -ROldisk =

-r

4gsin8

3(R - r)

,-,Lb ~ .'. ".<,~ "'lJb ~l" l·~l.~lo~·l· lo~o~·1 ~c."tU l.;."bo..L.t~r~~~rn ~ l~l" 1. ) ~ ~ ) }---J r u ~~ u)~ . 4$ .. ~. L. • f~ . c..S ~

:(,.::"...,\ ~mr 2 .Ar. f'r:- jSyo Jy-- <l.il~l <.S'"'.f-!.l 0L....o) 4 ..::.....,1 ylr.

mg (, mg ('
2 3

3mg (f

5

11

mr 2 a
EMa = 0 => -Tr + IGa. = 0 => -Tr + --a. = 0 => T = mr
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